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Introduction

Scientific and numerical computing is a booming field in research, engineering, and
analytics. The revolution in the computer industry over the last several decades has
provided new and powerful tools for computational practitioners. This has enabled
computational undertakings of previously unprecedented scale and complexity. Entire
fields and industries have sprung up as a result. This development is still ongoing, and
itis creating new opportunities as hardware, software, and algorithms keep improving.
Ultimately the enabling technology for this movement is the powerful computing
hardware that has been developed in recent decades. However, for a computational
practitioner, the software environment used for computational work is as important as, if
not more important than, the hardware on which the computations are carried out. This
book is about one popular and fast-growing environment for numerical computing: the
Python programming language and its vibrant ecosystem of libraries and extensions for
computational work.

Computing is an interdisciplinary activity that requires experience and expertise
in both theoretical and practical subjects: a firm understanding of mathematics and
scientific thinking is a fundamental requirement for effective computational work.
Equally important is solid training in computer programming and computer science.
The role of this book is to bridge these two subjects by introducing how scientific
computing can be done using the Python programming language and the computing
environment that has appeared around this language. In this book the reader is assumed
to have some previous training in mathematics and numerical methods and basic
knowledge about Python programming. The focus of the book is to give a practical
introduction to computational problem-solving with Python. Brief introductions to the
theory of the covered topics are given in each chapter, to introduce notation and remind
readers of the basic methods and algorithms. However, this book is not a self-consistent
treatment of numerical methods. To assist readers that are not previously familiar with
some of the topics of this book, references for further reading are given at the end of each
chapter. Likewise, readers without experience in Python programming will probably find
it useful to read this book together with a book that focuses on the Python programming
language itself.
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How This Book Is Organized

The first chapter in this book introduces general principles for scientific computing
and the main development environments that are available for work with computing in
Python: the focus is on IPython and its interactive Python prompt, the excellent Jupyter
Notebook application, and the Spyder IDE.

In Chapter 2, an introduction to the NumPy library is given, and here we also
discuss more generally array-based computing and its virtues. In Chapter 3, we turn our
attention to symbolic computing - which in many respects complements array-based
computing - using the SymPy library. In Chapter 4, we cover plotting and visualization
using the Matplotlib library. Together, Chapters 2 to 4 provide the basic computational
tools that will be used for domain-specific problems throughout the rest of the book:
numerics, symbolics, and visualization.

In Chapter 5, the topic of study is equation solving, which we explore with both
numerical and symbolic methods, using the SciPy and SymPy libraries. In Chapter 6, we
explore optimization, which is a natural extension of equation solving. Here we mainly
work with the SciPy library and briefly with the cvxopt library. Chapter 7 deals with
interpolation, which is another basic mathematical method with many applications of
its own, and important roles in higher-level algorithms and methods. In Chapter 8, we
cover numerical and symbolic integration. Chapters 5 to 8 cover core computational
techniques that are pervasive in all types of computational work. Most of the methods
from these chapters are found in the SciPy library.

In Chapter 9, we proceed to cover ordinary differential equations. Chapter 10 is
a detour into sparse matrices and graph methods, which helps prepare the field for
the following chapter. In Chapter 11, we discuss partial differential equations, which
conceptually are closely related to ordinary differential equations, but require a different
set of techniques that necessitates the introduction of sparse matrices, the topic of
Chapter 10.

Starting with Chapter 12, we make a change of direction and begin exploring data
analysis and statistics. In Chapter 12, we introduce the Pandas library and its excellent
data analysis framework. In Chapter 13, we cover basic statistical analysis and methods
from the SciPy stats package. In Chapter 14, we move on to statistical modeling,
using the statsmodels library. In Chapter 15, the theme of statistics and data analysis
is continued with a discussion of machine learning, using the scikit-learn library. In
Chapter 16, we wrap up the statistics-related chapters with a discussion of Bayesian
statistics and the PyMC library. Together, Chapters 12 to 16 provide an introduction to
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the broad field of statistics and data analytics: a field that has been developing rapidly
within and outside of the scientific Python community in recent years.

In Chapter 17, we briefly return to a core subject in scientific computing: signal
processing. In Chapter 18, we discuss data input and output, and several methods for
reading and writing numerical data to files, which is a basic topic that is required for
most types of computational work. In Chapter 19, the final regular chapter in this book,
two methods for speeding up Python code are introduced, using the Numba and Cython
libraries.

The Appendix covers the installation of the software used in this book. To install
the required software (mostly Python libraries), we use the conda package manager.
Conda can also be used to create virtual and isolated Python environments, which is an
important topic for creating stable and reproducible computational environments. The
Appendix also discusses how to work with such environments using the conda package

manager.

Source Code Listings

Each chapter in this book has an accompanying Jupyter Notebook that contains the
chapter’s source code listings. These notebooks, and the data files required to run them,
can be downloaded by clicking the Download Source Code button located at
WWW.apress.com/9781484242452.
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CHAPTER 1

Introduction to Computing
with Python

This book is about using Python for numerical computing. Python is a high-level,
general-purpose interpreted programming language that is widely used in scientific
computing and engineering. As a general-purpose language, Python was not specifically
designed for numerical computing, but many of its characteristics make it well suited
for this task. First and foremost, Python is well known for its clean and easy-to-read
code syntax. Good code readability improves maintainability, which in general results in
fewer bugs and better applications overall, but it also enables rapid code development.
This readability and expressiveness are essential in exploratory and interactive
computing, which requires fast turnaround for testing various ideas and models.

In computational problem-solving, it is, of course, important to consider the
performance of algorithms and their implementations. It is natural to strive for
efficient high-performance code, and optimal performance is indeed crucial for many
computational problems. In such cases it may be necessary to use a low-level program
language, such as C or Fortran, to obtain the best performance out of the hardware that
runs the code. However, it is not always the case that optimal runtime performance is the
most suitable objective. It is also important to consider the development
time required to implement a solution to a problem in a given programming language
or environment. While the best possible runtime performance can be achieved in a
low-level programming language, working in a high-level language such as Python usually
reduces the development time and often results in more flexible and extensible code.

These conflicting objectives present a trade-off between high performance and
long development time and lower performance but shorter development time. See
Figure 1-1 for a schematic visualization of this concept. When choosing a computational
environment for solving a particular problem, it is important to consider this trade-off
and to decide whether man-hours spent on the development or CPU-hours spent on

© Robert Johansson 2019
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running the computations is more valuable. It is worth noting that CPU-hours are cheap
already and are getting even cheaper, but man-hours are expensive. In particular, your
own time is of course a very valuable resource. This makes a strong case for minimizing
development time rather than the runtime of a computation by using a high-level
programming language and environment such as Python and its scientific computing
libraries.

Trade-off between
low- and high-level languages

A
CPU time e |OW-level language

memmemnmens high-level language

Best possible
performance

after a significant \

amount of

development \

effort

/ / Development time

Development effort until first runnable
code that solves the problem

Figure 1-1. Trade-off between low- and high-level programming languages.
While a low-level language typically gives the best performance when a significant
amount of development time is invested in the implementation of a solution to a
problem, the development time required to obtain a first runnable code that solves
the problem is typically shorter in a high-level language such as Python.

A solution that partially avoids the trade-off between high- and low-level languages
is to use a multilanguage model, where a high-level language is used to interface
libraries and software packages written in low-level languages. In a high-level scientific
computing environment, this type of interoperability with software packages written in
low-level languages (e.g., Fortran, C, or C++) is an important requirement. Python excels
at this type of integration, and as a result, Python has become a popular “glue language”
used as an interface for setting up and controlling computations that use code written

in low-level programming languages for time-consuming number crunching. This is an
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important reason for why Python is a popular language for numerical computing. The
multilanguage model enables rapid code development in a high-level language while
retaining most of the performance of low-level languages.

As a consequence of the multilanguage model, scientific and technical computing
with Python involves much more than just the Python language itself. In fact, the Python
language is only a piece of an entire ecosystem of software and solutions that provide a
complete environment for scientific and technical computing. This ecosystem includes
development tools and interactive programming environments, such as Spyder and
IPython, which are designed particularly with scientific computing in mind. It also
includes a vast collection of Python packages for scientific computing. This ecosystem
of scientifically oriented libraries ranges from generic core libraries - such as NumPy,
SciPy, and Matplotlib - to more specific libraries for particular problem domains.
Another crucial layer in the scientific Python stack exists below the various Python
modules: many scientific Python library interface, in one way or another; low-level
high-performance scientific software packages, such as for example optimized LAPACK
and BLAS libraries' for low-level vector, matrix, and linear algebra routines; or other
specialized libraries for specific computational tasks. These libraries are typically
implemented in a compiled low-level language and can therefore be optimized and
efficient. Without the foundation that such libraries provide, scientific computing with
Python would not be practical. See Figure 1-2 for an overview of the various layers of the
software stack for computing with Python.

'For example, MKL, the Math Kernel Library from Intel, https://software.intel.com/en-us/
intel-mkl; openBLAS, https://www.openblas.net; or ATLAS, the Automatically Tuned Linear
Algebra Software, available at http://math-atlas.sourceforge.net
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IPython console, Jupiter Notebook, Spyder, ...

Python 2, Python 3, ...

numpy, scipy, matplotlib, ...

OS, BLAS, LAPACK, ...

Figure 1-2. An overview of the components and layers in the scientific computing
environment for Python, from a user’s perspective from top to bottom. Users
typically only interact with the top three layers, but the bottom layer constitutes a
very important part of the software stack.

Tip The SciPy organization and its web site www.scipy.org provide a
centralized resource for information about the core packages in the scientific
Python ecosystem, and lists of additional specialized packages, as well as
documentation and tutorials. As such, it is a valuable resource when working
with scientific and technical computing in Python. Another great resource is the
Numeric and Scientific page on the official Python Wiki: http://wiki.python.
org/moin/NumericAndScientific.

Apart from the technical reasons for why Python provides a good environment for
computational work; it is also significant that Python and its scientific computing libraries
are free and open source. This eliminates economic constraints on when and how
applications developed with the environment can be deployed and distributed by its users.
Equally significant, it makes it possible for a dedicated user to obtain complete insight on
how the language and the domain-specific packages are implemented and what methods
are used. For academic work where transparency and reproducibility are hallmarks, this
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is increasingly recognized as an important requirement on software used in research. For
commercial use, it provides freedom on how the environment is used and integrated into
products and how such solutions are distributed to customers. All users benefit from the
relief of not having to pay license fees, which may otherwise inhibit deployments on large
computing environments, such as clusters and cloud computing platforms.

The social component of the scientific computing ecosystem for Python is another
important aspect of its success. Vibrant user communities have emerged around the core
packages and many of the domain-specific projects. Project-specific mailing lists, Stack
Overflow groups, and issue trackers (e.g., on Github, waw.github.com) are typically very
active and provide forums for discussing problems and obtaining help, as well as a way of
getting involved in the development of these tools. The Python computing community also
organizes yearly conferences and meet-ups at many venues around the world, such as the
SciPy (http://conference.scipy.org) and PyData (http://pydata.org) conference series.

Environments for Computing with Python

There are a number of different environments that are suitable for working with

Python for scientific and technical computing. This diversity has both advantages

and disadvantages compared to a single endorsed environment that is common in
proprietary computing products: diversity provides flexibility and dynamism that lends
itself to specialization for particular use-cases, but on the other hand, it can also be
confusing and distracting for new users, and it can be more complicated to set up a

full productive environment. Here I give an orientation of common environments for
scientific computing, so that their benefits can be weighed against each other and an
informed decision can be reached regarding which one to use in different situations and
for different purposes. The three environments discussed here are

e The Python interpreter or the IPython console to run code
interactively. Together with a text editor for writing code, this
provides a lightweight development environment.

o The Jupyter Notebook, which is a web application in which Python
code can be written and executed through a web browser. This
environment is great for numerical computing, analysis, and
problem-solving, because it allows one to collect the code, the output
produced by the code, related technical documentation, and the
analysis and interpretation, all in one document.


http://www.github.com
http://conference.scipy.org
http://pydata.org

CHAPTER 1 INTRODUCTION TO COMPUTING WITH PYTHON

o The Spyder Integrated Development Environment, which can be
used to write and interactively run Python code. An IDE such as
Spyder is a great tool for developing libraries and reusable Python
modules.

All of these environments have justified use-cases, and it is largely a matter of
personal preference which one to use. However, I do in particular recommend exploring
the Jupyter Notebook environment, because it is highly suitable for interactive and
exploratory computing and data analysis, where data, code, documentation, and results
are tightly connected. For development of Python modules and packages, I recommend
using the Spyder IDE, because of its integration with code analysis tools and the Python
debugger.

Python, and the rest of the software stack required for scientific computing with
Python, can be installed and configured in a large number of ways, and in general the
installation details also vary from system to system. In Appendix 1, we go through one
popular cross-platform method to install the tools and libraries that are required for
this book.

Python

The Python programming language and the standard implementation of the Python
interpreter are frequently updated and made available through new releases.? Currently,
there are two active versions of Python available for production use: Python 2 and
Python 3. In this book we will work with Python 3, which by now has practically
superseded Python 2. However, for some legacy applications, using Python 2 may still be
the only option, if it contains libraries that have not been made compatible with Python
3. Ttis also sometimes the case that only Python 2 is the available in institutionally
provided environments, such as on high-performance clusters or universities’ computer
systems. When developing Python code for such environments, it might be necessary

to use Python 2, but otherwise, I strongly recommend using Python 3 in new projects. It
should also be noted that support for Python 2 has now been dropped by many major

*The Python language and the default Python interpreter are managed and maintained by the
Python Software Foundation: http://www.python.org.
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Python libraries, and the vast majority of computing-oriented libraries for Python now
support Python 3. For the purpose of this book, we require version 2.7 or greater for the
Python 2 series or Python 3.2 or greater for the preferred Python 3 series.

Interpreter

The standard way to execute Python code is to run the program directly through the
Python interpreter. On most systems, the Python interpreter is invoked using the python
command. When a Python source file is passed as an argument to this command, the
Python code in the file is executed.

$ python hello.py
Hello from Python!

Here the file hello.py contains the single line:
print("Hello from Python!")

To see which version of Python is installed, one can invoke the python command
with the --version argument:

$ python --version
Python 3.6.5

It is common to have more than one version of Python installed on the same system.
Each version of Python maintains its own set of libraries and provides its own interpreter
command (so each Python environment can have different libraries installed). On many
systems, specific versions of the Python interpreter are available through the commands
such as, for example, python2.7 and python3.6. It is also possible to set up virtual
python environments that are independent of the system-provided environments. This
has many advantages and I strongly recommend to become familiar with this way of
working with Python. Appendix A provides details of how to set up and work with these
kinds of environments.
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In addition to executing Python script files, a Python interpreter can also be used
as an interactive console (also known as a REPL: Read-Evaluate-Print-Loop). Entering
python at the command prompt (without any Python files as argument) launches the
Python interpreter in an interactive mode. When doing so, you are presented with a
prompt:

$ python

Python 3.6.1 |Continuum Analytics, Inc.| (default, May 11 2017, 13:04:09)
[GCC 4.2.1 Compatible Apple LLVM 6.0 (clang-600.0.57)] on darwin

Type "help", "copyright", "credits" or "license" for more information.
>>>

From here Python code can be entered, and for each statement, the interpreter
evaluates the code and prints the result to the screen. The Python interpreter itself
already provides a very useful environment for interactively exploring Python code,
especially since the release of Python 3.4, which includes basic facilities such as a
command history and basic autocompletion (not available by default in Python 2).

IPython Console

Although the interactive command-line interface provided by the standard Python
interpreter has been greatly improved in recent versions of Python 3, it is still in certain
aspects rudimentary, and it does not by itself provide a satisfactory environment for
interactive computing. IPython? is an enhanced command-line REPL environment for
Python, with additional features for interactive and exploratory computing. For example,
IPython provides improved command history browsing (also between sessions), an
input and output caching system, improved autocompletion, more verbose and helpful
exception tracebacks, and much more. In fact, IPython is now much more than an
enhanced Python command-line interface, which we will explore in more detail later

in this chapter and throughout the book. For instance, under the hood IPython is a

3See the IPython project web page, http://ipython.org, for more information and its official
documentation.
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client-server application, which separates the frontend (user interface) from the backend

(kernel) that executes the Python code. This allows multiple types of user interfaces

to communicate and work with the same kernel, and a user-interface application can

connect multiple kernels using IPython’s powerful framework for parallel computing.
Running the ipython command launches the IPython command prompt:

$ ipython

Python 3.6.1 |Continuum Analytics, Inc.| (default, May 11 2017, 13:04:09)
Type 'copyright', 'credits' or 'license' for more information

IPython 6.4.0 -- An enhanced Interactive Python. Type '?' for help.

In [1]:

Caution Note that each IPython installation corresponds to a specific version

of Python, and if you have several versions of Python available on your system,
you may also have several versions of IPython as well. On many systems, IPython
for Python 2 is invoked with the command ipython2 and for Python 3 with
ipython3, although the exact setup varies from system to system. Note that here
the “2” and “3” refer to the Python version, which is different from the version of
IPython itself (which at the time of writing is 6.4.0).

In the following sections, I give a brief overview of some of the IPython features
that are most relevant to interactive computing. It is worth noting that IPython is used
in many different contexts in scientific computing with Python, for example, as a
kernel in the Jupyter Notebook application and in the Spyder IDE, which are covered
in more detail later in this chapter. It is time well spent to get familiar with the tricks
and techniques that IPython offers to improve your productivity when working with
interactive computing.

Input and Output Caching

In the IPython console, the input prompt is denoted as In [1]: and the corresponding
output is denoted as Out [1]:, where the numbers within the square brackets are
incremented for each new input and output. These inputs and outputs are called cells in
IPython. Both the input and the output of previous cells can later be accessed through



CHAPTER 1 INTRODUCTION TO COMPUTING WITH PYTHON

the In and Out variables that are automatically created by IPython. The In and Out
variables are a list and a dictionary, respectively, that can be indexed with a cell number.
For instance, consider the following IPython session:

In [1]: 3 * 3

Out[1]: 9

In [2]: In[1]

Out[2]: '3 * 3'

In [3]: Out[1]

Out[3]: 9

In [4]: In

out[4]: [", '3 * 3", 'In[1]", 'Out[1]', 'In']

In [5]: Out

Out[5]: {1: 9, 2: '3 *¥3',3: 9, 4: [", '3 *3", '"In[1]", 'Out[1]", "In', 'Out']}

Here, the first input was 3 * 3 and the result was 9, which later is available as In[1]
and Out[1]. A single underscore _ is a shorthand notation for referring to the most
recent output, and a double underscore __ refers to the output that preceded the most
recent output. Input and output caching is often useful in interactive and exploratory
computing, since the result of a computation can be accessed even if it was not explicitly
assigned to a variable.

Note that when a cell is executed, the value of the last statement in an input cell
is by default displayed in the corresponding output cell, unless the statement is an
assignment or if the value is Python null value None. The output can be suppressed by
ending the statement with a semicolon:

In [6]: 1 + 2

out[6]: 3

In [7]: 1 + 2; # output suppressed by the semicolon

In [8]: x =1 # no output for assignments

In [9]: x = 2; x # these are two statements. The value of 'x' is shown in
the output

Out[9]: 2

10
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Autocompletion and Object Introspection

In IPython, pressing the TAB key activates autocompletion, which displays a list of
symbols (variables, functions, classes, etc.) with names that are valid completions of
what has already been typed. The autocompletion in IPython is contextual, and it will
look for matching variables and functions in the current namespace or among the
attributes and methods of a class when invoked after the name of a class instance. For
example, 0s.<TAB> produces a list of the variables, functions, and classes in the 0s
module, and pressing TAB after having typed os .w results in a list of symbols in the os
module that starts with w:

In [10]: import os
In [11]: os.w<TAB>
os.wait os.wait3 os.wait4 os.waitpid os.walk os.write os.writev

This feature is called object introspection, and it is a powerful tool for interactively
exploring the properties of Python objects. Object introspection works on modules,
classes, and their attributes and methods and on functions and their arguments.

Documentation

Object introspection is convenient for exploring the API of a module and its member
classes and functions, and together with the documentation strings, or “docstrings’, that
are commonly provided in Python code, it provides a built-in dynamic reference manual
for almost any Python module that is installed and can be imported. A Python object
followed by a question mark displays the documentation string for the object. This is
similar to the Python function help. An object can also be followed by two question
marks, in which case IPython tries to display more detailed documentation, including
the Python source code if available. For example, to display help for the cos function in
the math library:

In [12]: import math

In [13]: math.cos?

Type: builtin_function or method
String form: <built-in function cos>

11
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Docstring:
cos(x)

Return the cosine of x (measured in radians).

Docstrings can be specified for Python modules, functions, classes, and their
attributes and methods. A well-documented module therefore includes a full API
documentation in the code itself. From a developer’s point of view, it is convenient to be
able to document a code together with the implementation. This encourages writing and
maintaining documentation, and Python modules tend to be well documented.

Interaction with the System Shell

IPython also provides extensions to the Python language that makes it convenient

to interact with the underlying system. Anything that follows an exclamation mark

is evaluated using the system shell (such as bash shell). For example, on a UNIX-like
system, such as Linux or Mac OS X, listing files in the current directory can be done using

In[14]: !1s
filel.py file2.py file3.py

On Microsoft Windows, the equivalent command would be !dir. This method for
interacting with the OS is a very powerful feature that makes it easy to navigate the file
system and to use the IPython console as a system shell. The output generated by a
command following an exclamation mark can easily be captured in a Python variable.
For example, a file listing produced by !1s can be stored in a Python list using

In[15]: files = !ls

In[16]: len(files)

3

In[17] : files

['filel.py', 'file2.py', 'file3.py']

Likewise, we can pass the values of Python variables to shell commands by prefixing
the variable name with a $ sign:

In[18]: file = "filel.py"
In[19]: !1s -1 $file
-Tw-r--r-- 1 rob staff 131 Oct 22 16:38 filel.py

12
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This two-way communication with the IPython console and the system shell can be
very convenient when, for example, processing data files.

IPython Extensions

IPython provides extension commands that are called magic functions in IPython
terminology. These commands all start with one or two % signs.* A single % sign is used
for one-line commands, and two % signs are used for commands that operate on cells
(multiple lines). For a complete list of available extension commands, type %1smagic,
and the documentation for each command can be obtained by typing the magic
command followed by a question mark:

In[20]: %lsmagic?

Type: Magic function

String form: <bound method BasicMagics.lsmagic of <IPython.core.magics.
basic.BasicMagics object at 0x10e3d28do>>

Namespace: IPython internal

File: /usr/local/lib/python3.6/site-packages/IPython/core/magics/
basic.py

Definition: %lsmagic(self, parameter s=")

Docstring: List currently available magic functions.

File System Navigation

In addition to the interaction with the system shell described in the previous section,
IPython provides commands for navigating and exploring the file system. The
commands will be familiar to UNIX shell users: %1s (list files), %pwd (return current
working directory), %cd (change working directory), %cp (copy file), %1less (show the
content of a file in the pager), and %%writefile filename (write content of a cell to the
file filename). Note that autocomplete in IPython also works with the files in the current

"When %automagic is activated (type %automagic at the IPython prompt to toggle this feature), the
% sign that precedes the IPython commands can be omitted, unless there is a name conflict with
a Python variable or function. However, for clarity, the % signs are explicitly shown here.
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working directory, which makes IPython as convenient to explore the file system as is the
system shell. It is worth noting that these IPython commands are system independent
and can therefore be used on both UNIX-like operating systems and on Windows.

Running Scripts from the IPython Console

The command %run is an important and useful extension, perhaps one of the most
important features of the IPython console. With this command, an external Python
source code file can be executed within an interactive IPython session. Keeping a session
active between multiple runs of a script makes it possible to explore the variables and
functions defined in a script interactively after the execution of the script has finished.

To demonstrate this functionality, consider a script file fib.py that contains the
following code:

def fib(n):

Return a list of the first n Fibonacci numbezrs.

fo, f1 =0, 1

f=1[1] *n
for i in range(1, n):
f[i] = fo + f1
fo, f1 = f1, f[i]
return f
print(fib(10))

It defines a function that generates a sequence of n Fibonacci numbers and prints
the result for n = 10 to the standard output. It can be run from the system terminal using

the standard Python interpreter:

$ python fib.py
[1J 1) 2’ 3) 5) 8) 13’ 21) 34) 55]

14



CHAPTER 1 INTRODUCTION TO COMPUTING WITH PYTHON

It can also be run from an interactive IPython session, which produces the
same output, but also adds the symbols defined in the file to the local namespace,
so that the fib function is available in the interactive session after the %run command
has been issued.

In [21]: %run fib.py
Out[22]: [1, 1, 2, 3, 5, 8, 13, 21, 34, 55]

In [23]: %who
fib

In [23]: fib(6)
out[23]: [1, 1, 2, 3, 5, 8]

In the preceding example, we also made use of the %who command, which lists
all defined symbols (variables and functions).® The %whos command is similar, but
also gives more detailed information about the type and value of each symbol, when
applicable.

Debugger

IPython includes a handy debugger mode, which can be invoked postmortem after

a Python exception (error) has been raised. After the traceback of an unintercepted
exception has been printed to the IPython console, it is possible to step directly into the
Python debugger using the IPython command %debug. This possibility can eliminate
the need to rerun the program from the beginning using the debugger or after having
employed the common debugging method of sprinkling print statements into the code.
If the exception was unexpected and happened late in a time-consuming computation,
this can be a big time-saver.

To see how the %debug command can be used, consider the following incorrect
invocation of the fib function defined earlier. It is incorrect because a float is passed to
the function while the function is implemented with the assumption that the argument
passed to it is an integer. On line 7 the code runs into a type error, and the Python
interpreter raises an exception of the type TypeError. IPython catches the exception and

*The Python function dir provides a similar feature.
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prints out a useful traceback of the call sequence on the console. If we are clueless as
to why the code on line 7 contains an error, it could be useful to enter the debugger by
typing %debug in the IPython console. We then get access to the local namespace at
the source of the exception, which can allow us to explore in more detail why the
exception was raised.

TypeError Traceback (most recent call last)
<ipython-input-24-874ca58a3dfb> in <module>()
----> 1 fib.fib(1.0)

/Users/rob/code/fib.py in fib(n)
5 mmon
6 fo, f1 =0, 1
----> 7 f=1[1] *n
8 for i in range(1, n):
9 f[n] = fo + f1

TypeError: can't multiply sequence by non-int of type 'float'

In [25]: %debug

> /Users/rob/code/fib.py(7)fib()
6 fo, f1 =0, 1

---=> 7 f=1[1] *n
8 for i in range(1, n):

ipdb> print(n)
1.0

Tip Type a question mark at the debugger prompt to show a help menu that
lists available commands:

ipdb> ?
More information about the Python debugger and its features is also available in

the Python Standard Library documentation: http://docs.python.org/3/
library/pdb.html.
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Reset

Resetting the namespace of an IPython session is often useful to ensure that a program
is run in a pristine environment, uncluttered by existing variables and functions. The
%reset command provides this functionality (use the flag - to force the reset). Using
this command can often eliminate the need for otherwise common exit-restart cycles of
the console. Although it is necessary to reimport modules after the %reset command has
been used, it is important to know that even if the modules have changed since the last
import, a new import after a %reset will not import the new module but rather reenable
a cached version of the module from the previous import. When developing Python
modules, this is usually not the desired behavior. In that case, a reimport of a previously
imported (and since updated) module can often be achieved by using the reload
function from IPython.lib.deepreload. However, this method does not always work, as
some libraries run code at import time that is only intended to run once. In this case, the
only option might be to terminate and restart the IPython interpreter.

Timing and Profiling Code

The %timeit and %time commands provide simple benchmarking facilities that are
useful when looking for bottlenecks and attempting to optimize code. The %timeit
command runs a Python statement a number of times and gives an estimate of the
runtime (use %%timeit to do the same for a multiline cell). The exact number of times
the statement is ran is determined heuristically, unless explicitly set using the -n and -1
flags. See %timeit? for details. The %timeit command does not return the resulting
value of the expression. If the result of the computation is required, the %time or %%time
(for a multiline cell) commands can be used instead, but %time and %%time only run the
statement once and therefore give a less accurate estimate of the average runtime.

The following example demonstrates a typical usage of the %timeit and %time
commands:

In [26]: %timeit fib(100)

100000 loops, best of 3: 16.9 ps per loop

In [27]: result = %time fib(100)

CPU times: user 33 ps, sys: 0 ns, total: 33 ps
Wall time: 48.2
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While the %timeit and %time commands are useful for measuring the elapsed
runtime of a computation, they do not give any detailed information about what part
of the computation takes more time. Such analyses require a more sophisticated code
profiler, such as the one provided by Python standard library module cProfile.® The
Python profiler is accessible in IPython through the commands %prun (for statements)
and %run with the flag -p (for running external script files). The output from the profiler
is rather verbose and can be customized using optional flags to the %Zprun and %run -p
commands (see %prun? for a detailed description of the available options).

As an example, consider a function that simulates N random walkers each taking M
steps and then calculates the furthest distance from the starting point achieved by any of
the random walkers:

In [28]: import numpy as np

In [29]: def random walker max_distance(M, N):
Simulate N random walkers taking M steps, and return the
largest distance
from the starting point achieved by any of the random walkers.
trajectories = [np.random.randn(M).cumsum() for _ in range(N)]
return np.max(np.abs(trajectories))

Calling this function using the profiler with %prun results in the following output,
which includes information about how many times each function was called and
a breakdown of the total and cumulative time spent in each function. From this
information we can conclude that in this simple example, the calls to the function
np.random.randn consume the bulk of the elapsed computation time.

In [30]: %prun random walker max_distance(400, 10000)
20008 function calls in 0.254 seconds

Ordered by: internal time

SWhich can, for example, be used with the standard Python interpreter to profile scripts by
running python -m cProfile script.py
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ncalls tottime percall cumtime percall filename:lineno(function)
10000 0.169 0.000 0.169 0.000 {method 'randn' of 'mtrand.
RandomState' objects}
10000 0.036 0.000 0.036 0.000 {method 'cumsum' of 'numpy.
ndarray' objects}
1 0.030 0.030 0.249 0.249 <ipython-input-30>:18(random_
walker max_distance)
1 0.012 0.012 0.217 0.217 <ipython-input-30>:
19(<1listcomp>)
0.005 0.005 0.254 0.254 <string>:1(<module>)

1 0.002 0.002 0.002 0.002 {method 'reduce' of 'numpy.
ufunc' objects}

1 0.000 0.000 0.254 0.254 {built-in method exec}

1 0.000 0.000 0.002 0.002 _methods.py:25(_amax)

1 0.000 0.000 0.002 0.002 fromnumeric.py:2050(amax)

1 0.000 0.000 0.000 0.000 {method 'disable' of '_

lsprof.Profiler' objects}

Interpreter and Text Editor as Development Environment

In principle, the Python or the IPython interpreter and a good text editor are all that are
required for a full productive Python development environment. This simple setup is,
in fact, the preferred development environment for many experienced programmers.
However, in the following sections, we will look into the Jupyter Notebook and the
integrated development environment Spyder. These environments provide richer
features that improve productivity when working with interactive and exploratory
computing applications.

Jupyter

The Jupyter project” is a spin-off from the IPython project that includes the Python
independent frontends - most notably the notebook application which we discuss in
more detail in the following section - and the communication framework that enables

"For more information about Jupyter, see http://jupyter.org.
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the separation of the frontend from the computational backends, known as kernels.
Prior to the creation of the Jupyter project, the notebook application and its underlying
framework were a part of the IPython project. However, because the notebook frontend
is language agnostic - it can also be used with a large number of other languages, such as
R and Julia - it was spun off a separate project to better cater to the wider computational
community and to avoid a perceived bias toward Python. Now, the remaining role of
IPython is to focus on Python-specific applications, such as the interactive Python
console, and to provide a Python kernel for the Jupyter environment.

In the Jupyter framework, the frontend talks to computational backends known as
kernels. The frontend can have multiple kernels registered, for example, for different
programming languages, for different versions of Python, or for different Python
environments. The kernel maintains the state of the interpreter and performs the actual
computations, while the frontend manages how code is entered and organized and how
the results of calculations are visualized to the user.

In this section, we will discuss the Jupyter QtConsole and Notebook frontends and
give a brief introduction to some of their rich display and interactivity features, as well
as the workflow organization that the notebook provides. The Jupyter Notebook is the
Python environment for computation work that I generally recommend in this book,
and the code listings in the rest of this book are understood to be read as if they are cells
in a notebook.

The Jupyter QtConsole

The Jupyter QtConsole is an enhanced console application that can serve as a substitute
to the standard IPython console. The QtConsole is launched by passing the qtconsole
argument to the jupyter command:

$ jupyter qtconsole

This opens up a new IPython application in a console that is capable of displaying
rich media objects such as images, figures, and mathematical equations. The Jupyter
QtConsole also provides a menu-based mechanism for displaying autocompletion
results, and it shows docstrings for functions in a pop-up window when typing the
opening parenthesis of a function or a method call. A screenshot of the Jupyter
Qtconsole is shown in Figure 1-3.
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@ @ Jupyter QtConsole

Jupyter QtConsole 4.3.1

Python 3.6.1 IContinuum Analytics, Inc.| (default, May 11 2017, 13:04:09)
Type 'copyright', 'credits' or 'license' for more information

IPython 6.4.@ -- An enhanced Interactive Python. Type '?' for help.

In [1]: import sympy

In [2]: sympy.init_printing()

In [3]: x = sympy.symbols("x")
In [4]: i = sympy.Integral(x**2, (x, @, 1)); i
Qut[4]:
1
f z? dx
0
In [5]: |

Figure 1-3. A screenshot of the Jupyter QtConsole application

The Jupyter Notebook

In addition to the interactive console, Jupyter also provides the web-based notebook
application that has made it famous. The notebook offers many advantages over
a traditional development environment when working with data analysis and
computational problem-solving. In particular, the notebook environment allows to
write and to run code, to display the output produced by the code, and to document
and interpret the code and the results: all in one document. This means that the entire
analysis workflow is captured in one file, which can be saved, restored, and reused later
on. In contrast, when working with a text editor or an IDE, the code, the corresponding
data files and figures, and the documentation are spread out over multiple files in the file
system, and it takes a significant effort and discipline to keep such a workflow organized.
The Jupyter Notebook features a rich display system that can show media such as
equations, figures, and videos as embedded objects in the notebook. It is also possible
to create user interface (UI) elements with HTML and JavaScript, using Jupyter’s widget
system. These widgets can be used in interactive applications that connect the web
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application with Python code that is executed in the IPython kernel (on the server side).
These and many other features of the Jupyter Notebook make it a great environment for
interactive and literate computing, as we will see examples of throughout this book.

To launch the Jupyter Notebook environment, the notebook argument is passed to
the jupyter command-line application.

$ jupyter notebook

This launches a notebook kernel and a web application that, by default, will serve
up a web server on port 8888 on localhost, which is accessed using the local address
http://localhost:8888/ in a web browser.? By default, running jupyter notebook
will open a dashboard web page in the default web browser. The dashboard lists
all notebooks that are available in the directory from where the Jupyter Notebook
was launched, as well as a simple directory browser that can be used to navigate
subdirectories, relative to the location where the notebook server was launched, and to
open notebooks from therein. Figure 1-4 shows a screenshot of a web browser and the
Jupyter Notebook dashboard page.

8This web application is by default only accessible locally from the system where the notebook
application was launched.
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C' @ localhost:8888/tree
— Jupyter
Files Running Clusters

Select items to perform actions on them.

0 - B/

The notebook list is empty.

INTRODUCTION TO COMPUTING WITH PYTHON

Q W &

Logout

Upload New~ o=

Name Last Modified

Figure 1-4. A screenshot of the Jupyter Notebook dashboard page

Clicking the “New” button creates a new notebook and opens it in a new page in the
browser (see Figure 1-5). A newly created notebook is named Untitled, or Untitled1,
etc., depending on the availability of unused filenames. A notebook can be renamed by
clicking the title field on the top of the notebook page. The Jupyter Notebook files are
stored in a JSON file format using the filename extension ipynb. A Jupyter Notebook file
is not pure Python code, but if necessary the Python code in a notebook can easily be
extracted using either “File » Download as » Python” or the Jupyter utility nbconvert

(see in the following section).
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® O ® /= Home % & Untitled
C' D localhost:8888/notebooks/Untitled.ipynb
" Jupyter Untitied wsavedchanges

File Edit View Insert Cell Kernel Widgets Help

B+ = @B 4+ % WA B C W Code

I In [ ]: |

ﬂ Logout

Trusted # |Python3 O

Figure 1-5. A newly created and empty Jupyter Notebook

Jupyter Lab

Jupyter Lab is a new alternative development environment from the Jupyter project.
It combines the Jupyter Notebook interface with a file browser, text editor, shell, and
IPython consoles, in a web-based IDE-like environment; see Figure 1-6.
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® 58 T Jupyterab x
C @ localhost:8888/lab e &

File Edit View Run Kermel Tabs Settings Help

(B

H i B & <  chO4-code-lis > % chi-code-list X | (% chit-code-list %
Ela B + ¥ O [ » = C Markdown~ Python3 O
HName - Last Modified
o fig, (axl, ax2) = plt.subplots(l, 2, figsize=(1@, #))
£ 7 chot-code-listing.fpy.. 33 minutes age
2 | 1 chot-Markdown.ipynb 3 manths ago axl.triplot(triangulation)
] cho2-coda-Hsting 2 " axl.set_xlabel{r"5x5", fontsizesls)
cho2-code-listing.ipy... months ago axl.set_ylabel(r"$y$", fontsize=18)
- m| chO2-figures.ipynb 3 months ago
1o - ¢ = ax2.tripcolor(triangulation, u_sol.vector().array(), cmap=mpl.cm.get_cmap("RdBu_r"))
E A ch03-code-listing.lpy... 2 months ago b = plt.colorbar(e, ax=ax2)
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Figure 1-6. The Jupyter Lab interface, which includes a file browser (left) and
multitab notebook editor (right). The notebook displayed here shows code and
output from an example in Chapter 11.

The Jupyter Lab environment consolidates the many advantages of the notebook
environment and the strengths of traditional IDEs. Having access to shell consoles and
text editors all within the same web frontend is also convenient when working on a

Jupyter server that runs on a remote system, such as a computing cluster or in the cloud.

Cell Types

The main content of a notebook, below the menu bar and the toolbar, is organized as
input and output cells. The cells can be of several types, and the type of the selected
cell can be changed using the cell-type drop-down menu in the toolbar (which initially
displays “Code”). The most important types are

o Code: A code cell can contain an arbitrary amount of multiline
Python code. Pressing Shift-Enter sends the code in the cell to
the kernel process, where the kernel evaluates it using the Python
interpreter. The result is sent back to the browser and displayed in the
corresponding output cell.
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e Markdown: The content of a Markdown cell can contain marked-
up plain text, which is interpreted using the Markdown language
and HTML. A Markdown cell can also contain LaTeX formatted
equations, which are rendered in the notebook using the JavaScript-
based LaTeX engine MathJax.

o Headings: Heading cells can be used to structure a notebook into
sections.

o Raw: A raw text cell is displayed without any processing.

Editing Cells

Using the menu bar and the toolbar, cells can be added, removed, moved up and down,
cut and pasted, and so on. These functions are also mapped to keyboard shortcuts,
which are convenient and time-saving when working with Jupyter Notebooks. The
notebook uses a two-mode input interface, with an edit mode and a command mode.
The edit mode can be entered by clicking a cell or by pressing the Enter key on the
keyboard when a cell is in focus. Once in edit mode, the content of the input cell can be
edited. Leaving the edit mode is done by pressing the ESC key or by using Shift-Enter to
execute the cell. When in command mode, the up and down arrows can be used to move
focus between cells, and a number of keyboard shortcuts are mapped to the basic cell
manipulation actions that are available through the toolbar and the menu bar. Table 1-1
summarizes the most important Jupyter Notebook keyboard shortcuts for the
command mode.
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Table 1-1. A Summary of Keyboard Shortcuts in the Jupyter Notebook
Command Mode

Keyboard Shortcut Description

b Create a new cell below the currently selected cell.

a Create a new cell above the currently selected cell.

d-d Delete the currently selected cell.

1106 Heading cell of level 1 to 6.

X Cut currently selected cell.

c Copy currently selected cell.

v Paste cell from the clipboard.

m Convert a cell to a Markdown cell.

y Convert a cell to a code cell.

Up Select previous cell.

Down Select next cell.

Enter Enter edit mode.

Escape Exit edit mode.

Shift-Enter Run the cell.

h Display a help window with a list of all available keyboard
shortcuts.

0-0 Restart the kernel.

i-i Interrupt an executing cell.

S Save the notebook.

While a notebook cell is being executed, the input prompt number is represented
with an asterisk, In[*], and an indicator in the upper right corner of the page signals that
the IPython kernel is busy. The execution of a cell can be interrupted using the menu
option “Kernel » Interrupt” or by typing i-i in the command mode (i.e., press the i key
twice in a row).
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Markdown Cells

One of the key features of the Jupyter Notebook is that code cells and output cells

can be complemented with documentation contained in text cells. Text input cells

are called Markdown cells. The input text is interpreted and reformatted using the
Markdown markup language. The Markdown language is designed to be a lightweight
typesetting system that allows text with simple markup rules to be converted to HTML
and other formats for richer display. The markup rules are designed to be user-friendly
and readable as is in plain-text format. For example, a piece of text can be made italics
by surrounding it with asterisks, *text*, and it can be made bold by surrounding it
with double asterisks, **text**. Markdown also allows creating enumerated and
bulleted lists, tables, and hyper-references. An extension to Markdown supported by
Jupyter is that mathematical expressions can be typeset in LaTeX, using the JavaScript
LaTeX library MathJax. Taking full advantage of what Jupyter Notebooks offer includes
generously documenting the code and resulting output using Markdown cells and the
many rich display options they provide. Table 1-2 introduces basic Markdown and
equation formatting features that can be used in a Jupyter Notebook Markdown cell.

Table 1-2. Summary of Markdown Syntax for Jupyter Notebook Markdown Cells

Function Syntax by Example

Italics *text*

Bold *rtext*

Strike-through ~~text™

Fixed-width font “text”

URL [URL text](http://www.example.com)

New paragraph Separate the text of two paragraphs with an empty line.

Verbatim Lines that start with four blank spaces are displayed as is, without

any further processing, using a fixed-width font. This is useful for
code-like text segments.

v def func(x):

e return x ** 2

(continued)
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Function Syntax by Example
Table | A| B | C|
|- [-== ]|
|1 ]2]3]
| 41516 |

Horizontal line

Heading

Block quote

Unordered list

Ordered list

Image

Inline LaTeX equation

Displayed LaTeX equation

(centered and on a new line)

Aline containing three dashes is rendered as a horizontal line
separator:

# Level 1 heading
## Level 2 heading
### Level 3 heading

Lines that start with a “>” are rendered as a block quote.
> Text here is indented and offset
> from the main text body.

* Ttem one
* Ttem two
* Ttem three

1. Item one
2. Item two
3. Item three

I[Alternative text](image-file.png)®
or
I[Alternative text](http://www.example.com/image.png)

$\LaTeX$

$$\LaTeX$$ or \begin{env}...\end{env} where env can be a
LaTeX environment such as equation, eqnarray, align, etc.

°The path/filename is relative to the notebook directory.
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Markdown cells can also contain HTML code, and the Jupyter Notebook interface
will display it as rendered HTML. This is a very powerful feature for the Jupyter
Notebook, but its disadvantage is that such HTML code cannot be converted to other
formats, such as PDE using the nbconvert tool (see later section in this chapter).
Therefore, it is in general better to use Markdown formatting when possible and resort to
HTML only when absolutely necessary.

More information about MathJax and Markdown is available at the projects web
pages at www.mathjax.comand http://daringfireball.net/projects/markdown,
respectively.

Rich Output Display

The result produced by the last statement in a notebook cell is normally displayed in the
corresponding output cell, just like in the standard Python interpreter or the IPython
console. The default output cell formatting is a string representation of the object,
generated, for example, by the repr method. However, the notebook environment
enables a much richer output formatting, as it in principle allows displaying arbitrary
HTML in the output cell area. The IPython.display module provides several classes and
functions that make it easy to programmatically render formatted output in a notebook.
For example, the Image class provides a way to display images from the local file system
or online resources in a notebook, as shown in Figure 1-7. Other useful classes from

the same module are HTML, for rendering HTML code, and Math, for rendering LaTeX
expressions. The display function can be used to explicitly request an object to be
rendered and displayed in the output area.

In [1]: from IPython.display import display, Image, HTML, Math

In [2]: Image(url='http://python.org/images/python-logo.gif’)

Cut[2]:

@, python

Figure 1-7. An example of rich Jupyter Notebook output cell formatting, where an
image has been displayed in the cell output area using the Image class
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An example of how HTML code can be rendered in the notebook using the HTML class
is shown in Figure 1-8. Here we first construct a string containing HTML code for a table
with version information for a list of Python libraries. This HTML code is then rendered
in the output cell area by creating an instance of the HTML class, and since this statement
is the last (and only) statement in the corresponding input cell, Jupyter will render the
representation of this object in the output cell area.

In [3]: import scipy, numpy, matplotlib
modules = [numpy, matplotlib, scipy]
row = "<tr> <td>%s</td> <td>%s</td> </tr>"
rows = "\n".join([row % (module._ name , module._ version__) for module in modules])
s = "<table> <tr><th>Library</th><th>Version</th> </tr> %s</table>" % rows

In [4]: s

Out[4]: '<table> <tr><th>Library</th><th>Version</th> </tr> <tr> <td>numpy</td> <td>1.13.3</td> </tr>
\n<tr> <td>matplotlib</td> <td>2.0.2</td> </tr>\n<tr> <td>scipy</td> <td>1.1.0</td> </tr></ta
ble>'

In [5]: HTML(Ss)

Out{S1:  Library Version
numpy  1.13.3

matplotlib 202

scipy 1.1.0

Figure 1-8. Another example of rich Jupyter Notebook output cell formatting,
where an HTML table containing module version information has been rendered
and displayed using the HTML class

For an object to be displayed in an HTML formatted representation, all we need to
dois to add a method called repr hmtl to the class definition. For example, we can
easily implement our own primitive version of the HTML class and use it to render the
same HTML code as in the previous example, as demonstrated in Figure 1-9.

In [B): class HTMLDisplayer(object):
def init (self, code):
self.code = code

def _repr_html (self):
return self.code
In [9]: HTMLDisplayer(s)
Out[9]: Library Version
numpy 1.13.3
matplotlib ~ 2.0.2

scipy 1.1.0

Figure 1-9. Another example of how to render HTML code in the Jupyter
Notebook, using a class that implements the_repr hmtl method

31



CHAPTER 1 INTRODUCTION TO COMPUTING WITH PYTHON

Jupyter supports a large number of representations in addition to the _repr_hmtl_
shown in the preceding text, for example, repr png , repr svg ,and repr_latex,
to mention a few. The former two can be used to generate and display graphics in the
notebook output cell, as used by, for example, the Matplotlib library (see the following
interactive example and Chapter 4). The Math class, which uses the _repr latex_
method, can be used to render mathematical formulas in the Jupyter Notebook. This is
often useful in scientific and technical applications. Examples of how formulas can be
rendered using the Math class and the repr latex method are shown in Figure 1-10.

In [8]: Math(r'\hat{H} = -\frac{l}{2}\epsilon \hat{\sigma}_z-\frac{l}{2}\delta ‘hat{\sigma} x')

out[8]: » PR
ut(e H=—§eaz—560',

In [9]: class QubitHamiltonian(object):
def _ init_ (self, epsilon, delta):
self.epsilon = epsilon
self.delta = delta
def repr latex (self):
return "$\hat{H} = -%.2f\hat{\sigma}_z-%.2f\hat{\sigma}_x$" % \
(self.epsilon/2, self.delta/2)

In [10]: QubitHamiltonian(0.5, 0.25)

Out[101: ff = —0.255, —0.125,

Figure 1-10. An example of how a LaTeX formula is rendered using the Math class
and how the_repr latex method can be used to generate a LaTeX formatted
representation of an object

Using the various representation methods recognized by Jupyter, or the convenience
classes in the IPython.display module, we have great flexibility in shaping how results
are visualized in the Jupyter Notebook. However, the possibilities do not stop there: an
exciting feature of the Jupyter Notebook is that interactive applications, with two-way
communication between the frontend and the backend kernel, can be created using, for
example, a library of widgets (UI components) or directly with Javascript and HTML. For
example, using the interact function from the ipywidgets library, we can very easily
create an interactive graph that takes an input parameter that is determined from a UI

slider, as shown in Figure 1-11.
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In [11]: import matplotlib.pyplot as plt
import numpy as np
from scipy import stats

def f(mu):

X stats.norm(loc=mu, scale=np.sgrt(mu))
stats.poisson(mu)
np.linspace(0, X.ppf(0.999))
np.arange(0, x[-1])

N
x
n

fig, ax = plt.subplots()

ax.plot(x, X.pdf(x), color='black', lw=2, label="Normal($\mu=%d, \sigma"2=%d$)" % (mu, mu))
ax.bar(n, N.pmf(n), align='edge', label=r"Poisson($\lambda=%d$)" % mu)

ax.set_ylim(0, X.pdf(x).max() * 1.25)

ax.legend(loc=2, ncol=2)

plt.close(fig)

return fig

In [12]: from ipywidgets import interact
import ipywidgets as widgets

In [13]: interact(f, mu=widgets.FloatSlider(min=1.0, max=20.0, step=1.0));

mu i 11.00

014 { — Normal(u=11,0°=11) === Poisson(A=11)
0.12
0.10
0.08
0.06 {
0.04

002

0.00 -

[} 5 10 15 20

Figure 1-11. An example of interactive application created using the IPython
widget interact. The interact widget provides a slider Ul element which allows
the value of an input parameter to be changed. When the slider is dragged, the
provided function is reevaluated, which in this case renders a new graph.

In the example in Figure 1-11, we plot the distribution functions for the Normal
distribution and the Poisson distribution, where the mean and the variance of
the distributions are taken as an input from the UI object created by the interact
function. By moving the slider back and forth, we can see how the Normal and Poisson
distributions (with equal variance) approach each other as the distribution mean is
increased and how they behave very differently for small values of the mean. Interactive
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graphs like this are a great tool for building intuition and for exploring computation
problems, and the Jupyter Notebook is a fantastic enabler for this kind of investigations.'®

nbconvert

Jupyter Notebooks can be converted to a number of different read-only formats

using the nbconvert application, which is invoked by passing nbconvert as the first
argument to the jupyter command line. Supported formats include, among others,
PDF and HTML. Converting Jupyter Notebooks to PDF or HTML is useful when sharing
notebooks with colleagues or when publishing them online, when the reader does

not necessarily need to run the code, but primarily view the results contained in the
notebooks.

HTML

In the notebook web interface, the menu option “File » Download as » HTML’ can

be used to generate an HTML document representing a static view of a notebook. An
HTML document can also be generated from the command prompt using the nbconvert
application. For example, a notebook called Notebook.ipynb can be converted to HTML
using the command:

$ jupyter nbconvert --to html Notebook.ipynb

This generates an HTML page that is self-contained in terms of style sheets and
JavaScript resources (which are loaded from public CDN servers), and it can be
published as is online. However, image resources that are using Markdown or HTML tags
are not included and must be distributed together with the resulting HTML file.

For public online publishing of Jupyter Notebooks, the Jupyter project provides a
convenient web service called nbviewer, available at http://nbviewer.jupyter.org.

By feeding it a URL to a public notebook file, the nbviewer application automatically

For more information about how to create interactive applications using Jupyter and IPython
widgets, see the documentation for the ipywidgets library https://ipywidgets.readthedocs.
io/en/latest.
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converts the notebook to HTML and displays the result. One of the many benefits of
this method of publishing Jupyter Notebooks is that the notebook author only needs to
maintain one file - the notebook file itself - and when it is updated and uploaded to its
online location, the static view of the notebook provided by nbviewer is automatically
updated as well. However, it requires publishing the source notebook at a publicly
accessible URL, so it can only be used for public sharing.

Tip The Jupyter project maintains a Wiki page that indexes many interesting
Jupyter Notebooks that are published online at http://github.com/jupyter/
jupyter/wiki/A-gallery-of-interesting-Jupyter-Notebooks. These
notebooks demonstrate many of IPython’s and Jupyter’s more advanced features
and can be a great resource for learning more about Jupyter Notebooks as well as
the many topics covered by those notebooks.

PDF

Converting a Jupyter Notebook to PDF format requires first converting the notebook
to LaTeX and then compiling the LaTeX document to PDF format. To be able to do

the LaTeX to PDF conversion, a LaTeX environment must be available on the system
(see Appendix A for pointers on how to install these tools). The nbconvert application
can do both the notebook-to-LaTeX and the LaTeX-to-PDF conversions in one go,
using the --to pdf argument (the --to latex argument can be used to obtain the
intermediate LaTeX source):

$ jupyter nbconvert --to pdf Notebook.ipynb

The style of the resulting document can be specified using the --template name
argument, where built-in templates include base, article, and report (these templates
can be found in the nbconvert/templates/latex directory where Jupyter is installed).
By extending one of the existing templates,'! it is easy to customize the appearance of

"The IPython nbconvert application uses the jinja2 template engine. See http://jinja.pocoo.org
for more information and documentation of its syntax.
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the generated document. For example, in LaTeX it is common to include additional
information about the document that is not available in Jupyter Notebooks, such as a
document title (if different from the notebook filename) and the author of the document.
This information can be added to a LaTeX document that is generated by the nbconvert
application by creating a custom template. For example, the following template extends
the built-in template article and overrides the title and author blocks:

((*- extends 'article.tplx' -*))

((* block title *)) \title{Document title} ((* endblock title *))
((* block author *)) \author{Author's Name} ((* endblock author *))

Assuming that this template is stored in a file called custom_template.tplx,
the following command can be used to convert a notebook to PDF format using this
customized template:

$ jupyter nbconvert --to pdf --template custom template.tplx Notebook.ipynb

The result is LaTeX and PDF documents where the title and author fields are set as
requested in the template.

Python

A Jupyter Notebook in its JSON-based file format can be converted to a pure Python code
using the nbconvert application and the python format:

$ jupyter nbconvert --to python Notebook.ipynb

This generates the file Notebook. py, which only contains executable Python code (or
if IPython extensions were used in the notebook; a file that is executable with ipython).
The noncode content of the notebook is also included in the resulting Python code file in
the form of comments that do not prevent the file from being interpreted by the Python
interpreter. Converting a notebook to pure Python code is useful, for example, when
using the Jupyter Notebooks to develop functions and classes that need to be imported
in other Python files or notebooks.
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Spyder: An Integrated Development Environment

An integrated development environment is an enhanced text editor that also provides
features such as integrated code execution, documentation, and debugging. Many
free and commercial IDE environments have good support for Python-based projects.
Spyder'?is an excellent free IDE that is particularly well suited for computing and data
analysis using Python. The rest of this section focuses on Spyder and explores its features
in more detail. However, there are also many other suitable IDEs. For example, Eclipse™
is a popular and powerful multilanguage IDE, and the PyDev** extension to Eclipse
provides a good Python environment. PyCharm' is another powerful Python IDE that
has gained a significant popularity among Python developers recently, and the Atom
IDE' is yet another great option. For readers with previous experience with any of these
tools, they could be a productive and familiar environment also for computational work.
However, the Spyder IDE was specifically created for Python programming and in
particular for scientific computing with Python. As such it has features that are useful for
interactive and exploratory computing: most notably, integration with the IPython console
directly in the IDE. The Spyder user interface consists of several optional panes, which can
be arranged in different ways within the IDE application. The most important panes are

e Source code editor

e Consoles for the Python and the IPython interpreters and the system
shell

e Object inspector, for showing documentation for Python objects
e Variable explorer

o File explorer

e Command history

e Profiler

2http://code.google.com/p/spyderlib
Bhttp://www.eclipse.org
“http://pydev.org

Bhttp://www. jetbrains.com/pycharm
%https://atom.io
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Each pane can be configured to be shown or hidden, depending on the user’s
preferences and needs, using the “View » Panes” menu option. Furthermore, panes
can be organized together in tabbed groups. In the default layout, three pane groups are
displayed: The left pane group contains the source code editor. The top-right pane group
contains the variable explorer, the file explorer, and the object inspector. The bottom
right pane group contains Python and IPython consoles.

Running the command spyder at the shell prompt launches the Spyder IDE. See
Figure 1-12 for a screenshot of the default layout of the Spyder application.

ece @ Spyder (Python 3.8)
DeR-“E0 PRGN SEpEHBEX F& €9 uesw _ LR
oo Eilor - flsersrobfib py ] Help
G ey | | Source Console Object fib.fi Bea
3
4 Return a List of the first N Fibonacci nuabers.
E: fo, f1=8, 1 Definition : f1ib(N)
f=[1] N Type : Function of fib module
8 for n in range(1, N):
9 fln] = fa + f1
10 fe, f1 = f1, fn] Return a list of the first N Fibonacci numbers.
; return f
13
14
15 print{fib(18))
16 Variable explorer  File explorer [JEET
(=N} Bython consale
5| console/s | el

Python 3.6.5 |Anaconda, Inc.| (default, Mar 29 2018, 13:14:23)
Type "copyright”, "credits" or "license" for more information.

IPython 6.4.8 -- An enhanced Interactive Python.
In [1):

Histoy g

RW End-of-lines: LF ing: ASCII Line: 2 Column: §  Memory: 75 %

Figure 1-12. A screenshot of the Spyder IDE application. The code editor is shown
in the left panel, the top-right panel shows the object inspector (help viewer), and
the bottom right panel shows an IPython console.

Source Code Editor

The source code editor in Spyder supports code highlighting, intelligent autocompletion,
working with multiple open files simultaneously, parenthesis matching, indentation
guidance, and many other features that one would expect from a modern source code
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editor. The added benefit from using an IDE is that code in the editor can be run - as a
whole (shortcut F5) or a selection (shortcut F9) - in attached Python or IPython consoles
with persistent sessions between successive runs.

In addition, the Spyder editor has very useful support for static code checking with
pylint,'” pyflakes,'® and pep8,' which are external tools that analyze Python source code
and report errors such as undefined symbols, syntax errors, coding style violations, and
more. Such warnings and errors are shown on a line-by-line basis as a yellow triangle
with an exclamation mark in the left margin of the editor, next to the line number. Static
code checking is extremely important in Python programming. Since Python is an
interpreted and lazily evaluated language, simple bugs like undefined symbols may not
be discovered until the offending code line is reached at runtime, and for rarely used
code paths, sometimes such bugs can be very hard to discover. Real-time static code
checking and coding style checks in the Spyder editor can be activated and deactivated
in the “Editor” section of the preference windows (Python » Preferences, in the menu
on OS X, and Tools » Preferences on Linux and Windows). In the Editor section,

I recommend checking the “Code analysis” and “Style analysis” boxes in the “Code

Introspection/Analysis” tab.

Tip The Python language is versatile, and equivalent Python source code can
be written in a vast variety of styles and manners. However, a Python coding style
standard, PEP8, has been put forward to encourage a uniform appearance of
Python code. | strongly recommend studying the PEP8 coding style standard and
complying to it in your code. The PEP8 is described at www.python.org/dev/
peps/pep-0008.

Yhttp://www.pylint.org
Bhttp://github.com/pyflakes/pyflakes
http://pep8.readthedocs.org
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Consoles in Spyder

The integrated Python and IPython consoles can be used to execute a file that is being
edited in the text editor window, or for running interactively typed Python code. When
executing Python source code files from the editor, the namespace variables created

in the script are retained in the IPython or Python session in the console. This is an
important feature that makes Spyder an interactive-computing environment, in addition
to a traditional IDE application, since it allows exploring the values of variables after

a script has finished executing. Spyder supports having multiple Python and IPython
consoles opened simultaneously, and, for example, a new IPython console can be
launched through the “Consoles » Open an IPython console” menu. When running a
script from the editor, by pressing F5 or pressing the run button in the toolbar, the script
is by default ran in the most recently activated console. This makes it possible to maintain
different consoles, with independent namespaces, for different scripts or projects.

When possible, use the %reset command and the reload function to clear a
namespace and reload updated modules. If that is insufficient, it is possible to restart the
IPython kernel corresponding to an IPython console, or the Python interpreter, via the
drop-down menu for the top-right icon in the console panel. Finally, a practical feature
is that IPython console sessions can be exported as an HTML file by right-clicking the
console window and selecting “Save as HTML/XML” in the pop-up menu.

Object Inspector

The object inspector (Help pane) is a great aid when writing Python code. It can display
richly formatted documentation strings for objects defined in source code created with
the editor and for symbols defined in library modules that are installed on the system. The
object text field at the top of the object inspector panel can be used to type the name of

a module, function, or class for which to display the documentation string. Modules and
symbols do not need to be imported into the local namespace to be able to display their
docstrings using the object inspector. The documentation for an object in the editor or the
console can also be opened in the object inspector by selecting the object with the cursor
and using the shortcut Ctrl-i (Cmd-i on OS X). It is even possible to automatically display
docstrings for callable objects when its opening left parenthesis is typed. This gives an
immediate reminder of the arguments and their order for the callable object, which can
be a great productivity booster. To activate this feature, navigate to the “Help” page in the
“Preferences” window and check the boxes in the “Automatic connections” section.
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Summary

In this chapter we introduced the Python environment for scientific and technical
computing. This environment is, in fact, an entire ecosystem of libraries and tools

for computing, which includes not only Python software but everything from low-
level number crunching libraries up to graphical user interface applications and web
applications. In this multilanguage ecosystem, Python is the language that ties it all
together into a coherent and productive environment for computing. IPython is a core
component of Python’s computing environment, and we briefly surveyed some of its
most important features before covering the higher-level user environments provided
by the Jupyter Notebook and the Spyder IDE. These are the tools in which the majority
of exploratory and interactive computing is carried out. In the rest of this book, we focus
on computing using Python libraries, assuming that we are working within one of the
environments provided by IPython, the Jupyter Notebook, or Spyder.

Further Reading

The Jupyter Notebook is a particularly rich platform for interactive computing, and it is
also a very actively developed software. One of the most recent developments within the
Jupyter Notebook is its widget system, which are user-interface components that can be
used to create interactive interfaces within the browser that is displaying the notebook.

In this book we just briefly touch upon Jupyter widgets, but it is a very interesting and
rapidly developing part of the Jupyter project, and I do recommend exploring their
potential applications for interactive computing. The Jupyter Notebook widgets, and
many other parts of Jupyter, are documented through examples in Jupyter Notebook form
that are available here: http://nbviewer.ipython.org/github/ipython/ipython/tree/
master/examples. There are also two interesting books on this topic (Rossant, Learning
IPython for Interactive Computing and Data Visualization, 2013; Rossant, IPython
Interactive Computing and Visualization Cookbook, 2014) that I highly recommend.
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CHAPTER 2

Vectors, Matrices, and
Multidimensional Arrays

Vectors, matrices, and arrays of higher dimensions are essential tools in numerical
computing. When a computation must be repeated for a set of input values, it is natural
and advantageous to represent the data as arrays and the computation in terms of

array operations. Computations that are formulated this way are said to be vectorized.
Vectorized computing eliminates the need for many explicit loops over the array
elements by applying batch operations on the array data. The result is concise and more
maintainable code, and it enables delegating the implementation of (e.g., elementwise)
array operations to more efficient low-level libraries. Vectorized computations can
therefore be significantly faster than sequential element-by-element computations. This
is particularly important in an interpreted language such as Python, where looping over
arrays element by element entails a significant performance overhead.

In Python’s scientific computing environment, efficient data structures for working
with arrays are provided by the NumPy library. The core of NumPy is implemented in C
and provides efficient functions for manipulating and processing arrays. At a first glance,
NumPy arrays bear some resemblance to Python’s list data structure. But an important
difference is that while Python lists are generic containers of objects, NumPy arrays are
homogenous and typed arrays of fixed size. Homogenous means that all elements in the
array have the same data type. Fixed size means that an array cannot be resized (without
creating a new array). For these and other reasons, operations and functions acting on
NumPy arrays can be much more efficient than those using Python lists. In addition to

"Many modern processors provide instructions that operate on arrays. These are also known as
vectorized operations, but here vectorized refers to high-level array-based operations, regardless
of how they are implemented at the processor level.
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the data structures for arrays, NumPy also provides a large collection of basic operators
and functions that act on these data structures, as well as submodules with higher-level
algorithms such as linear algebra and fast Fourier transform.

In this chapter we first look at the basic NumPy data structure for arrays and various
methods to create such NumPy arrays. Next we look at operations for manipulating
arrays and for doing computations with arrays. The multidimensional data array
provided by NumPy is a foundation for nearly all numerical libraries for Python.
Spending time on getting familiar with NumPy and developing an understanding of how
NumPy works is therefore important.

NumPy The NumPy library provides data structures for representing a rich
variety of arrays and methods and functions for operating on such arrays. NumPy
provides the numerical backend for nearly every scientific or technical library for
Python. It is therefore a very important part of the scientific Python ecosystem. At
the time of writing, the latest version of NumPy is 1.14.2. More information about
NumPy is available at www.numpy.org.

Importing the Modules

In order to use the NumPy library, we need to import it in our program. By convention,
the numPy module imported under the alias np, like so:

In [1]: import numpy as np

After this, we can access functions and classes in the numpy module using the np
namespace. Throughout this book, we assume that the NumPy module is imported in
this way.

The NumPy Array Object

The core of the NumPy library is the data structures for representing multidimensional
arrays of homogeneous data. Homogeneous refers to all elements in an array having
the same data type.? The main data structure for multidimensional arrays in NumPy

*This does not necessarily need to be the case for Python lists, which therefore can be
heterogenous.
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is the ndarray class. In addition to the data stored in the array, this data structure also
contains important metadata about the array, such as its shape, size, data type, and other
attributes. See Table 2-1 for a more detailed description of these attributes. A full list of
attributes with descriptions is available in the ndarray docstring, which can be accessed
by calling help(np.ndarray) in the Python interpreter or np.ndarray? in an IPython
console.

Table 2-1. Basic Attributes of the ndarray Class

Attribute Description

Shape A tuple that contains the number of elements (i.e., the length) for each
dimension (axis) of the array.

Size The total number elements in the array.

Ndim Number of dimensions (axes).

nbytes Number of bytes used to store the data.

dtype The data type of the elements in the array.

The following example demonstrates how these attributes are accessed for an
instance data of the class ndarray:

In [2]: data = np.array([[1, 2], [3, 4], [5, 6]])
In [3]: type(data)
Out[3]: <class 'numpy.ndarray'>
In [4]: data
Out[4]: array([[1, 2],
[3, 4],
[5, 6]])
In [5]: data.ndim
Out[5]: 2
In [6]: data.shape
out[6]: (3, 2)
In [7]: data.size
Out[7]: 6
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In [8]: data.dtype
Out[8]: dtype('int64")
In [9]: data.nbytes
Out[9]: 48

Here the ndarray instance data is created from a nested Python list using the
function np.array. More ways to create ndarray instances from data and from rules of
various kinds are introduced later in this chapter. In the preceding example, the data is
a two-dimensional array (data.ndim) of shape 3 x 2, as indicated by data.shape, and in
total it contains six elements (data.size) of type int64 (data.dtype), which amounts to
a total size of 48 bytes (data.nbytes).

Data Types

In the previous section, we encountered the dtype attribute of the ndarray object. This
attribute describes the data type of each element in the array (remember, since NumPy
arrays are homogeneous, all elements have the same data type). The basic numerical
data types supported in NumPy are shown in Table 2-2. Nonnumerical data types, such
as strings, objects, and user-defined compound types, are also supported.

Table 2-2. Basic Numerical Data Types Available in NumPy

dtype Variants Description

int int8, inti16, int32, inté64 Integers

uint uint8, uint16, uint32, uint64 Unsigned (nonnegative) integers
bool Bool Boolean (True or False)

float float16, float32, float64, float128 Floating-point numbers

complex complex64, complex128, complex256 Complex-valued floating-point numbers

For numerical work the most important data types are int (for integers), float (for
floating-point numbers), and complex (for complex floating-point numbers). Each of
these data types comes in different sizes, such as int32 for 32-bit integers, int64 for
64-bit integers, etc. This offers more fine-grained control over data types than the
standard Python types, which only provides one type for integers and one type for floats.
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It is usually not necessary to explicitly choose the bit size of the data type to work with,
but it is often necessary to explicitly choose whether to use arrays of integers, floating-
point numbers, or complex values.

The following example demonstrates how to use the dtype attribute to generate
arrays of integer-, float-, and complex-valued elements:

[10]: np.array([1, 2, 3], dtype=np.int)
Out[10]: array([1, 2, 3])

[11]: np.array([1, 2, 3], dtype=np.float)
Out[11]: array([ 1., 2., 3.])

[12]: np.array([1, 2, 3], dtype=np.complex)

[12]

: array([ 1.+40.j, 2.+40.j, 3.40.3j])

Once a NumPy array is created, its dtype cannot be changed, other than by creating
a new copy with type-casted array values. Typecasting an array is straightforward and
can be done using either the np.array function:

In [13]: data = np.array([1, 2, 3], dtype=np.float)
In [14]: data

Out[14]: array([ 1., 2., 3.])

In [15]: data.dtype

Out[15]: dtype('float64")

In [16]: data = np.array(data, dtype=np.int)

In [17]: data.dtype

Out[17]: dtype('int64")

In [18]: data

Out[18]: array([1, 2, 3])

or by using the astype method of the ndarray class:

In [19]: data = np.array([1, 2, 3], dtype=np.float)
In [20]: data

Out[20]: array([ 1., 2., 3.])

In [21]: data.astype(np.int)

Out[21]: array([1, 2, 3])
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When computing with NumPy arrays, the data type might get promoted from one
type to another, if required by the operation. For example, adding float-valued and
complex-valued arrays, the resulting array is a complex-valued array:

[22]: d1 = np.array([1, 2, 3], dtype=float)
[23]: d2 = np.array([1, 2, 3], dtype=complex)
[24]: d1 + d2
Out[24]: array([ 2.+0.j, 4.+0.j, 6.+0.j])

[25]

[25]

: (d1 + d2).dtype
: dtype('complex128")

In some cases, depending on the application and its requirements, it is essential to
create arrays with data type appropriately set to, for example, int or complex. The default
type is float. Consider the following example:

In [26]: np.sqrt(np.array([-1, 0, 1]))

Out[26]: RuntimeWarning: invalid value encountered in sqrt
array([ nan, 0., 1.])

In [27]: np.sqrt(np.array([-1, 0, 1], dtype=complex))

Out[27]: array([ 0.+1.j, 0.+40.j, 1.+0.j])

Here, using the np.sqrt function to compute the square root of each element in
an array gives different results depending on the data type of the array. Only when the
data type of the array is complex is the square root of -1 resulting in the imaginary unit
(denoted as 1j in Python).

Real and Imaginary Parts

Regardless of the value of the dtype attribute, all NumPy array instances have the attributes
real and imag for extracting the real and imaginary parts of the array, respectively:

[28]: data = np.array([1, 2, 3], dtype=complex)
[29]: data
Out[29]: array([ 1.+0.j, 2.+0.j, 3.+0.j])
In [30]: data.real
Out[30]: array([ 1., 2., 3.])
[31]: data.imag
[31]: array([ 0., ©0., 0.])
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The same functionality is also provided by the functions np.real and np.imag,
which also can be applied to other array-like objects, such as Python lists. Note that
Python itself has support of complex numbers, and the imag and real attributes are also
available for Python scalars.

Order of Array Data in Memory

Multidimensional arrays are stored as contiguous data in memory. There is a freedom of
choice in how to arrange the array elements in this memory segment. Consider the case
of a two-dimensional array, containing rows and columns: one possible way to store
this array as a consecutive sequence of values is to store the rows after each other, and
another equally valid approach is to store the columns one after another. The former is
called row-major format and the latter is column-major format. Whether to use row-
major or column-major is a matter of conventions, and row-major format is used, for
example, in the C programming language, and Fortran uses the column-major format.

A NumPy array can be specified to be stored in row-major format, using the keyword
argument order= 'C', and column-major format, using the keyword argument

order= 'F', when the array is created or reshaped. The default format is row-major.

The 'C' or 'F' ordering of NumPy array is particularly relevant when NumPy arrays are
used in interfaces with software written in C and Fortran, which is often required when
working with numerical computing with Python.

Row-major and column-major ordering are special cases of strategies for mapping
the index used to address an element, to the offset for the element in the array’s memory
segment. In general, the NumPy array attribute ndarray.strides defines exactly how
this mapping is done. The strides attribute is a tuple of the same length as the number
of axes (dimensions) of the array. Each value in strides is the factor by which the index
for the corresponding axis is multiplied when calculating the memory offset (in bytes)
for a given index expression.

For example, consider a C-order array A with shape (2, 3), which corresponds to
a two-dimensional array with two and three elements along the first and the second
dimensions, respectively. If the data type is int32, then each element uses 4 bytes, and
the total memory buffer for the array therefore uses 2 x 3 x 4 = 24 bytes. The strides
attribute of this array is therefore (4 x 3,4 x 1) = (12,4), because each increment of min
A[n, m] increases the memory offset with one item, or 4 bytes. Likewise, each increment
of nincreases the memory offset with three items or 12 bytes (because the second
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dimension of the array has length 3). If, on the other hand, the same array were stored in
"F' order, the strides would instead be (4, 8).Using strides to describe the mapping of
array index to array memory offset is clever because it can be used to describe different
mapping strategies, and many common operations on arrays, such as for example the
transpose, can be implemented by simply changing the strides attribute, which can
eliminate the need for moving data around in the memory. Operations that only require
changing the strides attribute result in new ndarray objects that refer to the same data
as the original array. Such arrays are called views. For efficiency, NumPy strives to create
views rather than copies when applying operations on arrays. This is generally a good
thing, but it is important to be aware of that some array operations result in views rather
than new independent arrays, because modifying their data also modifies the data of the
original array. Later in this chapter, we will see several examples of this behavior.

Creating Arrays

In the previous section, we looked at NumPy’s basic data structure for representing
arrays, the ndarray class, and we looked at the basic attributes of this class. In this
section we focus on functions from the NumPy library that can be used to create ndarray
instances.

Arrays can be generated in a number of ways, depending on their properties and
the applications they are used for. For example, as we saw in the previous section, one
way to initialize an ndarray instance is to use the np.array function on a Python list,
which, for example, can be explicitly defined. However, this method is obviously limited
to small arrays. In many situations it is necessary to generate arrays with elements that
follow some given rule, such as filled with constant values, increasing integers, uniformly
spaced numbers, random numbers, etc. In other cases we might need to create arrays
from data stored in a file. The requirements are many and varied, and the NumPy library
provides a comprehensive set of functions for generating arrays of various types. In this
section we look in more detail at many of these functions. For a complete list, see the
NumPy reference manual or the docstrings that are available by typing help(np) or using
the autocompletion np.<TAB>. A summary of frequently used array-generating functions
is given in Table 2-3.
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Table 2-3. Summary of NumPy Functions for Generating Arrays

Function Name

Type of Array

np.

np.

np.

np.

np.

np.

np.

np.

np

np.

np.

array

Z€ros

ones

diag

arange

linspace

logspace

meshgrid

.fromfunction

fromfile

genfromtxt,np.

loadtxt

np.

random.rand

Creates an array for which the elements are given by an array-like object,
which, for example, can be a (nested) Python list, a tuple, an iterable
sequence, or another ndarray instance.

Creates an array with the specified dimensions and data type that is filled
with zeros.

Creates an array with the specified dimensions and data type that is filled
with ones.

Creates a diagonal array with specified values along the diagonal and
zeros elsewhere.

Creates an array with evenly spaced values between the specified start,
end, and increment values.

Creates an array with evenly spaced values between specified start and
end values, using a specified number of elements.

Creates an array with values that are logarithmically spaced between the
given start and end values.

Generates coordinate matrices (and higher-dimensional coordinate arrays)
from one-dimensional coordinate vectors.

Creates an array and fills it with values specified by a given function,
which is evaluated for each combination of indices for the given array size.

Creates an array with the data from a binary (or text) file. NumPy also
provides a corresponding function np.tofile with which NumPy arrays
can be stored to disk and later read back using np.fromfile.

Create an array from data read from a text file, for example, a comma-
separated value (CSV) file. The function np.genfromtxt also supports
data files with missing values.

Generates an array with random numbers that are uniformly distributed
between 0 and 1. Other types of distributions are also available in the np.
random module.
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Arrays Created from Lists and Other Array-Like Objects

Using the np.array function, NumPy arrays can be constructed from explicit Python
lists, iterable expressions, and other array-like objects (such as other ndarray instances).
For example, to create a one-dimensional array from a Python list, we simply pass the
Python list as an argument to the np.array function:

In [32]: np.array([1, 2, 3, 4])
Out[32]: array([ 1, 2, 3, 4])
In [33]: data.ndim

out[33]: 1

In [34]: data.shape

out[34]: (4,)

To create a two-dimensional array with the same data as in the previous example, we
can use a nested Python list:

In [35]: np.array([[1, 2], [3, 4]])
Out[35]: array([[1, 2],

[3, 4]1)
In [36]: data.ndim
Out[36]: 2
In [37]: data.shape
out[37]: (2, 2)

Arrays Filled with Constant Values

The functions np.zeros and np.ones create and return arrays filled with zeros and ones,
respectively. They take, as first argument, an integer or a tuple that describes the number
of elements along each dimension of the array. For example, to create a 2 x 3 array filled
with zeros, and an array of length 4 filled with ones, we can use

In [38]: np.zeros((2, 3))
Out[38]: array([[ 0., O.,
[ 0., oO.,
In [39]: np.ones(4)
Out[39]: array([ 1., 1., 1., 1.])
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Like other array-generating functions, the np.zeros and np.ones functions also
accept an optional keyword argument that specifies the data type for the elements in the
array. By default, the data type is float64, and it can be changed to the required type by
explicitly specifying the dtype argument.

In [40]: data = np.ones(4)

In [41]: data.dtype

Out[41]: dtype('float6s")

In [42]: data = np.ones(4, dtype=np.int64)
In [43]: data.dtype

Out[43]: dtype('int64")

An array filled with an arbitrary constant value can be generated by first creating
an array filled with ones and then multiplying the array with the desired fill value.
However, NumPy also provides the function np.full that does exactly this in one step.
The following two ways of constructing arrays with ten elements, which are initialized to
the numerical value 5.4 in this example, produces the same results, but using np. full is
slightly more efficient since it avoids the multiplication.

In [44]: xa
In [45]: x2

5.4 * np.ones(10)
np.full(10, 5.4)

An already created array can also be filled with constant values using the np.fill
function, which takes an array and a value as arguments, and set all elements in the array
to the given value. The following two methods to create an array therefore give the same

results:

In [46]: x1 = np.empty(5)

In [47]: x1.fil11(3.0)

In [48]: x1

Out[48]: array([ 3., 3., 3., 3., 3.])
In [49]: x2 = np.full(5, 3.0)

In [50]: x2

Out[s50]: array([ 3., 3., 3., 3., 3.])

53



CHAPTER 2  VECTORS, MATRICES, AND MULTIDIMENSIONAL ARRAYS

In this last example, we also used the np.empty function, which generates an array
with uninitialized values, of the given size. This function should only be used when the
initialization of all elements can be guaranteed by other means, such as an explicit loop
over the array elements or another explicit assignment. This function is described in
more detail later in this chapter.

Arrays Filled with Incremental Sequences

In numerical computing it is very common to require arrays with evenly spaced values
between a starting value and ending value. NumPy provides two similar functions to
create such arrays: np.arange and np.linspace. Both functions take three arguments,
where the first two arguments are the start and end values. The third argument of
np.arange is the increment, while for np.linspace it is the total number of points
in the array.

For example, to generate arrays with values between 1 and 10, with increment 1,
we could use either of the following:

In [51]: np.arange(0.0, 10, 1)

Out[51]: array([ 0., 1., 2., 3., 4., 5., 6., 7., 8., 9.])

In [52]: np.linspace(0, 10, 11)

Out[s52]: array([ 0., 1., 2., 3., 4., 5., 6., 7., 8., 9., 10.])

However, note that np.arange does not include the end value (10), while by default
np.linspace does (although this behavior can be changed using the optional endpoint
keyword argument). Whether to use np.arange or np.linspace is mostly a matter of
personal preference, but it is generally recommended to use np.linspace whenever the

increment is a noninteger.

Arrays Filled with Logarithmic Sequences

The function np.logspace is similar to np.linspace, but the increments between the
elements in the array are logarithmically distributed, and the first two arguments, for
the start and end values, are the powers of the optional base keyword argument (which
defaults to 10). For example, to generate an array with logarithmically distributed values
between 1 and 100, we can use

In [53]: np.logspace(0, 2, 5) # 5 data points between 10**0=1 to 10**2=100
Out[53]: array([ 1. , 3.16227766, 10. , 31.6227766 , 100.])
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Meshgrid Arrays

Multidimensional coordinate grids can be generated using the function np.meshgrid.
Given two one-dimensional coordinate arrays (i.e., arrays containing a set of coordinates
along a given dimension), we can generate two-dimensional coordinate arrays using the
np.meshgrid function. An illustration of this is given in the following example:

In [54]: x = np.array([-1, 0, 1])
In [55]: y = np.array([-2, 0, 2])
In [56]: X, Y = np.meshgrid(x, y)
In [57]: X
Out[57]: array([[-1, o0, 1],
['1’ 0, 1])
['1: 0, 1]])
In [58]: Y
Out[58]: array([[-2, -2, -2],
[ 0o, 0, O],
[ 2, 2, 2]])

A common use-case of the two-dimensional coordinate arrays, like X and Y in this
example, is to evaluate functions over two variables x and y. This can be used when
plotting functions over two variables, as colormap plots and contour plots. For example,
to evaluate the expression (x+y)? at all combinations of values from the x and y arrays in
the preceding section, we can use the two-dimensional coordinate arrays X and Y:

In [59]: Z = (X +Y) **2

In [60]: Z

Out[60]: array([[9, 4, 1],
[1, o, 1],
(1, 4, 9]])

It is also possible to generate higher-dimensional coordinate arrays by passing
more arrays as argument to the np.meshgrid function. Alternatively, the functions np.
mgrid and np.ogrid can also be used to generate coordinate arrays, using a slightly
different syntax based on indexing and slice objects. See their docstrings or the NumPy
documentation for details.
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Creating Uninitialized Arrays

To create an array of specific size and data type, but without initializing the elements in
the array to any particular values, we can use the function np.empty. The advantage of
using this function, for example, instead of np.zeros, which creates an array initialized
with zero-valued elements, is that we can avoid the initiation step. If all elements are
guaranteed to be initialized later in the code, this can save a little bit of time, especially
when working with large arrays. To illustrate the use of the np.empty function, consider
the following example:

In [61]: np.empty(3, dtype=np.float)
Out[61]: array([ 1.28822975e-231, 1.28822975e-231, 2.13677905e-314])

Here we generated a new array with three elements of type float. There is no
guarantee that the elements have any particular values, and the actual values will vary
from time to time. For this reason it is important that all values are explicitly assigned
before the array is used; otherwise unpredictable errors are likely to arise. Often the
np.zeros function is a safer alternative to np.empty, and if the performance gain is not
essential, it is better to use np.zeros, to minimize the likelihood of subtle and hard-to-
reproduce bugs due to uninitialized values in the array returned by np.empty.

Creating Arrays with Properties of Other Arrays

It is often necessary to create new arrays that share properties, such as shape and data
type, with another array. NumPy provides a family of functions for this purpose: np.
ones_like, np.zeros like, np.full like, and np.empty like. A typical use-case is
a function that takes arrays of unspecified type and size as arguments and requires
working arrays of the same size and type. For example, a boilerplate example of this

situation is given in the following function:

def f(x):
y = np.ones_like(x)
# compute with x and y
return y

At the first line of the body of this function, a new array y is created using np.ones_
like, which results in an array of the same size and data type as X, and filled with ones.
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Creating Matrix Arrays

Matrices, or two-dimensional arrays, are an important case for numerical computing.
NumPy provides functions for generating commonly used matrices. In particular, the
function np.identity generates a square matrix with ones on the diagonal and zeros
elsewhere:

In [62]: np.identity(4)

Out[62]: array([[ 1., ©0., 0., 0.],
[ 0., 1., 0., 0.],
[ 0., 0., 1., o0.],
[ 0., 0., 0., 1.1])

The similar function numpy . eye generates matrices with ones on a diagonal
(optionally offset). This is illustrated in the following example, which produces matrices
with nonzero diagonals above and below the diagonal, respectively:

In [63]: np.eye(3, k=1)

Out[63]: array([[ 0., 1., o0.],

[ 0., 0., 1.]
0.

[ 0., 0., 0.]])

In [64]: np.eye(3, k=-1)

Out[64]: array([[ 0., 0., o0.],
[ 1., 0., o0.],
[ 0., 1., o0.]])

To construct a matrix with an arbitrary one-dimensional array on the diagonal, we
can use the np.diag function (which also takes the optional keyword argument k to
specify an offset from the diagonal), as demonstrated here:

In [65]: np.diag(np.arange(0, 20, 5))
Out[65]: array([[o, o0, o0, O],
[o, 5, 0, O]
[o, 0, 10, 0]
[o, 0, o0, 15]

)

D
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Here we gave a third argument to the np.arange function, which specifies the step
size in the enumeration of elements in the array returned by the function. The resulting
array therefore contains the values [0, 5,10, 15], which is inserted on the diagonal of a
two-dimensional matrix by the np.diag function.

Indexing and Slicing

Elements and subarrays of NumPy arrays are accessed using the standard square bracket
notation that is also used with Python lists. Within the square bracket, a variety of
different index formats are used for different types of element selection. In general, the
expression within the bracket is a tuple, where each item in the tuple is a specification of
which elements to select from each axis (dimension) of the array.

One-Dimensional Arrays

Along a single axis, integers are used to select single elements, and so-called slices are
used to select ranges and sequences of elements. Positive integers are used to index
elements from the beginning of the array (index starts at 0), and negative integers are
used to index elements from the end of the array, where the last element is indexed
with -1, the second to last element with -2, and so on.

Slices are specified using the : notation that is also used for Python lists. In this
notation, a range of elements can be selected using an expression like m:n, which
selects elements starting with m and ending with n — 1 (note that the nth element is
not included). The slice m:n can also be written more explicitly as m : n : 1, where the
number 1 specifies that every element between m and n should be selected. To select
every second element between m and n, use m : n : 2, and to select every p elements, use
m :n:p, and so on. If p is negative, elements are returned in reversed order starting from
m to n+1 (which implies that m has to be larger than 7 in this case). See Table 2-4 for a
summary of indexing and slicing operations for NumPy arrays.
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Table 2-4. Examples of Array Indexing and Slicing Expressions

Expression  Description

a[m] Select element at index m, where m is an integer (start counting form 0).

a[-m] Select the nth element from the end of the list, where nis an integer. The last
element in the list is addressed as —1, the second to last element as -2, and so on.

a[m:n] Select elements with index starting at m and ending at n =1 (mand n are integers).

a[:] or Select all elements in the given axis.

afo0:-1]

al:n] Select elements starting with index 0 and going up to index n =1 (integer).

a[m:] or  Select elements starting with index m (integer) and going up to the last element in

a[m:-1] the array.

a[m:n:p] Select elements with index m through n (exclusive), with increment p.

a[::-1] Select all the elements, in reverse order.

The following examples demonstrate index and slicing operations for NumPy arrays.
To begin with, consider an array with a single axis (dimension) that contains a sequence
of integers between 0 and 10:

In [66]: a = np.arange(0, 11)
In [67]: a
Out[67]: array([ 0, 1, 2, 3, 4, 5 6, 7, 8, 9, 10])

Note that the end value 11 is not included in the array. To select specific elements

from this array, for example, the first, the last, and the 5th element, we can use integer

indexing:
[68]: a[0] # the first element
[68]
[69]: a[-1] # the last element

Out[69]: 10
[70]: a[4] # the fifth element, at index 4
[70]: 4
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To select a range of element, say from the second to the second-to-last element,
selecting every element and every second element, respectively, we can use index slices:

In [71]: a[1:-1]

Out[71]: array([1, 2, 3, 4, 5, 6, 7, 8, 9])
In [72]: a[1:-1:2]

Out[72]: array([1, 3, 5, 7, 9])

To select the first five and the last five elements from an array, we can use the slices :5
and -5, since if m or n is omitted in m:n, the defaults are the beginning and the end of the
array, respectively.

In [73]: a[:5]
out[73]: array([o, 1, 2, 3, 4])
In [74]: a[-5:]
Out[74]: array([6, 7, 8, 9, 10])

To reverse the array and select only every second value, we can use the slice ::-2, as

shown in the following example:

In [75]: a[::-2]
Out[75]: array([10, 8, 6, 4, 2, 0])

Multidimensional Arrays

With multidimensional arrays, element selections like those introduced in the previous
section can be applied on each axis (dimension). The result is a reduced array where
each element matches the given selection rules. As a specific example, consider the
following two-dimensional array:

In [76]: f = lambda m, n: n + 10 * m

In [77]: A = np.fromfunction(f, (6, 6), dtype=int)
In [78]: A

Out[78]: array([[ o, 1, 2, 3, 4, 5],

[10, 11, 212, 13, 14, 15],
[20, 21, 22, 23, 24, 25],
[30, 31, 32, 33, 34, 35],
[40, 41, 42, 43, 44, 45],
[50, 51, 52, 53, 54, 55]])
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We can extract columns and rows from this two-dimensional array using a

combination of slice and integer indexing:

In [79]: A[:, 1] # the second column
Out[79]: array([ 1, 11, 21, 31, 41, 51])
In [80]: A[1, :] # the second row
Out[80]: array([10, 11, 12, 13, 14, 15])

By applying a slice on each of the array axes, we can extract subarrays (submatrices
in this two-dimensional example):

In [81]: A[:3, :3] # upper half diagonal block matrix
Out[81]: array([[ o, 1, 2],

[10, 11, 12],

[20, 21, 22]])
In [82]: A[3:, :3] # lower left off-diagonal block matrix
Out[82]: array([[30, 31, 32],

[40, 41, 42],

[50, 51, 52]1)

With element spacing other that 1, submatrices made up from nonconsecutive
elements can be extracted:

In [83]: A[::2, ::2] # every second element starting from 0, 0
Out[83]: array([[ o, 2, 4],
[20, 22, 24],
[40, 42, 44]])
In [84]: A[1::2, 1::3] # every second and third element starting from 1, 1
Out[84]: array([[11, 14],
[31, 34],
[51, 54]1)

This ability to extract subsets of data from a multidimensional array is a simple but
very powerful feature with many data processing applications.
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Views

Subarrays that are extracted from arrays using slice operations are alternative views of
the same underlying array data. That is, they are arrays that refer to the same data in the
memory as the original array, but with a different strides configuration. When elements
in a view are assigned new values, the values of the original array are therefore also
updated. For example,

In [85]: B = A[1:5, 1:5]

In [86]: B

Out[86]: array([[11, 12, 13,
[21, 22, 23,
[31, 32, 33,
[41, 42, 43,

=
D

w N
~ B
— 0 1
-

S
>

In [88]: A

Out[88]: array([[ 0, 1, 2, 3, 4, 5],
[0, 0, 0, 0, O, 15],
[20, 0, 0, O, O, 25],
[30, o, 0, O, O, 35],
[40, 0, 0, O, o0, 45],

[50, 51, 52, 53, 54, 55]])

Here, assigning new values to the elements in an array B, which is created from
the array A, also modifies the values in A (since both arrays refer to the same data
in the memory). The fact that extracting subarrays results in views rather than new
independent arrays eliminates the need for copying data and improves performance.
When a copy rather than a view is needed, the view can be copied explicitly by using the
copy method of the ndarray instance.

In [89]: C = B[1:3, 1:3].copy()
In [90]: C
Out[90]: array([[o, 0],
[0, o]])
In [91]: C[:, :] =1 # this does not affect B since C is a copy of the
view B[1:3, 1:3]
In [92]: C
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Out[92]: array([[1, 1],

[1, 1]])

In [93]: B

Out[93]: array([[o, 0, O, O],
[0, 0, O, O],
[0, 0, O, O],
[0, 0, 0, 0O]])

In addition to the copy attribute of the ndarray class, an array can also be copied
using the function np. copy or, equivalently, using the np.array function with the
keyword argument copy=True.

Fancy Indexing and Boolean-Valued Indexing

In the previous section, we looked at indexing NumPy arrays with integers and slices, to
extract individual elements or ranges of elements. NumPy provides another convenient
method to index arrays, called fancy indexing. With fancy indexing, an array can be
indexed with another NumPy array, a Python list, or a sequence of integers, whose
values select elements in the indexed array. To clarify this concept, consider the
following example: we first create a NumPy array with 11 floating-point numbers, and
then index the array with another NumPy array (and Python list), to extract element
numbers 0, 2, and 4 from the original array:

In [94]: A = np.linspace(0, 1, 11)

out[94]: array([ 0. , 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1. ])
In [95]: A[np.array([0, 2, 4])]

Out[95]: array([ 0. , 0.2, 0.4])

In [96]: A[[0, 2, 4]] # The same thing can be accomplished by indexing with a

Python list
Out[96]: array([ 0. , 0.2, 0.4])

This method of indexing can be used along each axis (dimension) of a
multidimensional NumPy array. It requires that the elements in the array or list used for
indexing are integers.
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Another variant of indexing NumPy arrays is to use Boolean-valued index arrays. In

this case, each element (with values True or False) indicates whether or not to select the
element from the list with the corresponding index. That is, if element z in the indexing
array of Boolean values is True, then element 7 is selected from the indexed array. If the
value is False, then element 7 is not selected. This index method is handy when filtering out
elements from an array. For example, to select all the elements from the array A (as defined in
the preceding section) that exceed the value 0.5, we can use the following combination of the
comparison operator applied to a NumPy array and indexing using a Boolean-valued array:

In [97]: A > 0.5

Out[97]: array([False, False, False, False, False, False, True, True, True,
True, True], dtype=bool)

In [98]: A[A > 0.5]

Out[98]: array([ 0.6, 0.7, 0.8, 0.9, 1. ])

Unlike arrays created by using slices, the arrays returned using fancy indexing and
Boolean-valued indexing are not views but rather new independent arrays. Nonetheless,
itis possible to assign values to elements selected using fancy indexing:

In [99]: A = np.arange(10)

In [100]: indices = [2, 4, 6]

In [101]: B = A[indices]

In [102]: B[0] = -1 # this does not affect A

In [103]: A

Out[103]: array([o, 1, 2, 3, 4, 5, 6, 7, 8, 9])

In [104]: A[indices] = -1 # this alters A

In [105]: A

Out[105]: array([ o, 1, -1, 3, -1, 5, -1, 7, 8, 9])

and likewise for Boolean-valued indexing:

In [106]: A = np.arange(10)

In [107]: B = A[A > 5]

In [108]: B[0] = -1 # this does not affect A
In [109]: A

Out[109]: array([o, 1, 2, 3, 4, 5, 6, 7, 8, 9])
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In [111]: A

Out[111]: array([ o,
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-1 # this alters A

1, 2, 3,

4,

5, -1, -1, -1, '1])

A visual summary of different methods to index NumPy arrays is given in Figure 2-1.

Note that each type of indexing we have discussed here can be independently applied to

each dimension of an array.

Figure 2-1. Visual summary of indexing methods for NumPy arrays. These

diagrams represent NumPy arrays of shape (4, 4), and the highlighted elements
are those that are selected using the indexing expression shown above the block
representations of the arrays.

data data[0] data[1, :] datal:, 2]
_ (0, 0) (0,1) (0, 2) (0, 3) (0, 0) (0, 1) (0, 3)
(L0 | (1LY | (1,2) | (1,3) _ (1,0 | (1, 1) (1,3)
(2,00 | 2,1 | (2,2) | (2,3) (2,0 | 21) | 2,2) | (23 (2,00 | (2,1) (2,3)
3,0 | 31 | (32 | (33) (3.0 | 31 | 32 | (33 (3,00 | (3,1) (3,3)
data[0:2, 0:2] data[0:2, 2:4] data[::2, ::2] data[1::2, 1::2]

(0, 2) (0, 3) (0, 0) (0,1) (0,1) (0, 3) (0, 0) (0, 1) (0, 2) (0, 3)

(1,2) | (1,3) 1,0 | (1,1 (1,1) 1,3) (1,0) (1,2)

(2,0) (2,1) (2,2) 2,3) (2,0 2,1) 2,2) (2,3) (2,1) (2,3) (2, 0) 2,2)
(3,0) &, 1) (3,2) (3,3) (3,0) (3, 1) 3,2) (3,3) (3,0) (3,1) (3,2) (3,3) (3,0) 3,2)
datal:,[0,3]] data[[1,3],[0,3]] datal[:,np.array([False, True, True, False])] ~ data[1:3,np.array([False, True, True, False])]

(0,1) | (0,2) (0,0 | (0,1) 0,2) | (0,3) (0, 0) (0, 3) (0, 0) 0,1) | (0,2) (0, 3)
(1,1 | 1,2 . (1, 1) (1,2) | (1,3) (1, 0) (1,3) (1, 0) (1, 3)
(2,1) (2,2) (2,0) 2, 1) (2,2) (2,3) (2,0) (2,3) (2,0) (2,3)
(3,1) | (3,2 (3,00 | (3,1) | (3,2) . (3,0) (3,3) (3,00 | 31 | 32 | 33
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Reshaping and Resizing

When working with data in array form, it is often useful to rearrange arrays and alter the

way they are interpreted. For example, an N x N matrix array could be rearranged into a

vector of length N?, or a set of one-dimensional arrays could be concatenated together

or stacked next to each other to form a matrix. NumPy provides a rich set of functions of

this type of manipulation. See Table 2-5 for a summary of a selection of these functions.

Table 2-5. Summary of NumPy Functions for Manipulating the Dimensions and

the Shape of Arrays

Function/Method Description

np.reshape, Reshape an N-dimensional array. The total number of elements must

np.ndarray.reshape remain the same.

np.ndarray.flatten Creates a copy of an N-dimensional array, and reinterpret it as a
one-dimensional array (i.e., all dimensions are collapsed into one).

np.ravel, Create a view (if possible, otherwise a copy) of an N-dimensional array

np.ndarray.ravel in which it is interpreted as a one-dimensional array.

np.squeeze Removes axes with length 1.

np.expand_dims, Add a new axis (dimension) of length 1 to an array, where np.

np.newaxis newaxis is used with array indexing.

np.transpose, Transpose the array. The transpose operation corresponds to reversing

np.ndarray.transpose, (or more generally, permuting) the axes of the array.

np.ndarray.T

np.hstack Stacks a list of arrays horizontally (along axis 1): for example, given a
list of column vectors, appends the columns to form a matrix.

np.vstack Stacks a list of arrays vertically (along axis 0): for example, given a list
of row vectors, appends the rows to form a matrix.

np.dstack Stacks arrays depth-wise (along axis 2).

np.concatenate Creates a new array by appending arrays after each other, along a

given axis.
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Table 2-5. (continued)

Function/Method Description

np.resize Resizes an array. Creates a new copy of the original array, with the
requested size. If necessary, the original array will be repeated to fill
up the new array.

np.append Appends an element to an array. Creates a new copy of the array.

np.insert Inserts a new element at a given position. Creates a new copy of the
array.

np.delete Deletes an element at a given position. Creates a new copy of the array.

Reshaping an array does not require modifying the underlying array data; it only
changes in how the data is interpreted, by redefining the array’s strides attribute.
An example of this type of operation is a 2 x 2 array (matrix) that is reinterpreted as a
1 x 4 array (vector). In NumPy, the function np.reshape, or the ndarray class method
reshape, can be used to reconfigure how the underlying data is interpreted. It takes an
array and the new shape of the array as arguments:

In [112]: data = np.array([[1, 2], [3, 4]])
In [113]: np.reshape(data, (1, 4))
Out[113]: array([[1, 2, 3, 4]])

In [114]: data.reshape(4)

Out[114]: array([1, 2, 3, 4])

It is necessary that the requested new shape of the array match the number of
elements in the original size. However, the number of axes (dimensions) does not need
to be conserved, as illustrated in the previous example, where in the first case, the
new array has dimension 2 and shape (1, 4), while in the second case, the new array
has dimension 1 and shape (4, ). This example also demonstrates two different ways
of invoking the reshape operation: using the function np.reshape and the ndarray
method reshape. Note that reshaping an array produces a view of the array, and if an
independent copy of the array is needed, the view has to be copied explicitly (e.g., using

np.copy).
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The np.ravel (and its corresponding ndarray method) is a special case of reshape,
which collapses all dimensions of an array and returns a flattened one-dimensional
array with a length that corresponds to the total number of elements in the original
array. The ndarray method flatten performs the same function but returns a copy
instead of a view.

In [115]: data = np.array([[1, 2], [3, 4]])
In [116]: data
Out[116]: array([[1, 2],

[3, 4]11)
In [117]: data.flatten()
Out[117]: array([ 1, 2, 3, 4])
In [118]: data.flatten().shape
Out[118]: (4,)

While np.ravel and np.flatten collapse the axes of an array into a one-dimensional
arrayj, it is also possible to introduce new axes into an array, either by using np.reshape
or, when adding new empty axes, using indexing notation and the np.newaxis keyword
at the place of a new axis. In the following example, the array data has one axis, so it
should normally be indexed with a tuple with one element. However, if it is indexed with
a tuple with more than one element, and if the extra indices in the tuple have the value
np.newaxis, then the corresponding new axes are added:

In [119]: data = np.arange(0, 5)
In [120]: column = data[:, np.newaxis]
In [121]: column
Out[121]: array([[o0],
[1],
[2],
(31,
[4]11)
In [122]: row = data[np.newaxis, :]

In [123]: row
Out[123]: array([[o0, 1, 2, 3, 4]])
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The function np.expand_dims can also be used to add new dimensions to an
array, and in the preceding example, the expression data[:, np.newaxis] is
equivalent to np.expand_dims(data, axis=1), and data[np.newaxis, :] isequivalent
tonp.expand_dims(data, axis=0).Here the axis argument specifies the location
relative to the existing axes where the new axis is to be inserted.

We have up to now looked at methods to rearrange arrays in ways that do not affect
the underlying data. Earlier in this chapter, we also looked at how to extract subarrays
using various indexing techniques. In addition to reshaping and selecting subarrays,
it is often necessary to merge arrays into bigger arrays, for example, when joining
separately computed or measured data series into a higher-dimensional array, such as
a matrix. For this task, NumPy provides the functions np.vstack, for vertical stacking of,
for example, rows into a matrix, and np.hstack for horizontal stacking of, for example,
columns into a matrix. The function np.concatenate provides similar functionality, but
it takes a keyword argument axis that specifies the axis along which the arrays are to be
concatenated.

The shape of the arrays passed to np.hstack, np.vstack, and np.concatenate
is important to achieve the desired type of array joining. For example, consider the
following cases: say we have one-dimensional arrays of data, and we want to stack them
vertically to obtain a matrix where the rows are made up of the one-dimensional arrays.
We can use np.vstack to achieve this

In [124]: data = np.arange(5)

In [125]: data

Out[125]: array([o, 1, 2, 3, 4])

In [126]: np.vstack((data, data, data))
Out[126]: array([[o0, 1, 2, 3, 4],

[0, 1, 2, 3, 4],
[0, 1, 2, 3, 4]])

If we instead want to stack the arrays horizontally, to obtain a matrix where the arrays
are the column vectors, we might first attempt something similar using np . hstack:

[127]: data = np.arange(5)
[128]: data
Out[128]: array([o, 1, 2, 3, 4])
[129]: np.hstack((data, data, data))
[129]: array([O, 1, 2, 3, 4, O, 1, 2, 3, 4, 0, 1, 2, 3, 4])
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This indeed stacks the arrays horizontally, but not in the way intended here. To
make np.hstack treat the input arrays as columns and stack them accordingly, we
need to make the input arrays two-dimensional arrays of shape (1, 5) rather than
one-dimensional arrays of shape (5, ). As discussed earlier, we can insert a new axis by
indexing with np.newaxis:

In [130]: data = data[:, np.newaxis]
In [131]: np.hstack((data, data, data))
Out[131]: array([[o0, 0, O],

[1, 1, 1],

[2, 2, 2],

[3, 3, 3],

(4, 4, 4]])

The behavior of the functions for horizontal and vertical stacking, as well as
concatenating arrays using np.concatenate, is clearest when the stacked arrays have
the same number of dimensions as the final array and when the input arrays are stacked
along an axis for which they have length 1.

The number of elements in a NumPy array cannot be changed once the array has
been created. To insert, append, and remove elements from a NumPy array, for example,
using the function np.append, np.insert, and np.delete, a new array must be created
and the data copied to it. It may sometimes be tempting to use these functions to grow
or shrink the size of a NumPy array, but due to the overhead of creating new arrays and
copying the data, it is usually a good idea to preallocate arrays with size such that they do
not later need to be resized.

Vectorized Expressions

The purpose of storing numerical data in arrays is to be able to process the data with
concise vectorized expressions that represent batch operations that are applied to all
elements in the arrays. Efficient use of vectorized expressions eliminates the need of
many explicit for loops. This results in less verbose code, better maintainability, and
higher-performing code. NumPy implements functions and vectorized operations
corresponding to most fundamental mathematical functions and operators. Many

of these functions and operations act on arrays on an elementwise basis, and binary
operations require all arrays in an expression to be of compatible size. The meaning of
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compatible size is normally that the variables in an expression represent either scalars
or arrays of the same size and shape. More generally, a binary operation involving two
arrays is well defined if the arrays can be broadcasted into the same shape and size.

In the case of an operation between a scalar and an array, broadcasting refers to the
scalar being distributed and the operation applied to each element in the array. When
an expression contains arrays of unequal sizes, the operations may still be well defined if
the smaller of the array can be broadcasted (“effectively expanded”) to match the larger
array according to NumPy’s broadcasting rule: an array can be broadcasted over another
array if their axes on a one-by-one basis either have the same length or if either of them
have length 1. If the number of axes of the two arrays is not equal, the array with fewer
axes is padded with new axes of length 1 from the left until the numbers of dimensions of
the two arrays agree.

Two simple examples that illustrate array broadcasting are shown in Figure 2-2: a
3 x 3 matrix is added to a 1 x 3 row vector and a 3 x 1 column vector, respectively, and
in both cases the result is a 3 x 3 matrix. However, the elements in the two resulting
matrices are different, because the way the elements of the row and column vectors are
broadcasted to the shape of the larger array is different depending on the shape of the
arrays, according to NumPy’s broadcasting rule.
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Figure 2-2. Visualization of broadcasting of row and column vectors into the
shape of a matrix. The highlighted elements represent true elements of the arrays,
while the light gray-shaded elements describe the broadcasting of the elements of
the array of smaller size.

Arithmetic Operations

The standard arithmetic operations with NumPy arrays perform elementwise
operations. Consider, for example, the addition, subtraction, multiplication, and division
of equal-sized arrays:

n [132]: x = np. arraY([[ ], (3, 411)
n [133]: y = np.array([[5, 6], [7, 8]])
In [134]: x +y
Out[134]: array([[ 6, 8],
[10, 12]])
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In [135]: y - x

Out[135]: array([[4, 4],
(4, 4]])

In [136]: x *y

Out[136]: array([[ 5, 12],

[21, 32]])

In [137]: y / x

Out[137]: array([[ 5. , 3. 1,
[ 2.33333333, 2. 11

In operations between scalars and arrays, the scalar value is applied to each element
in the array, as one could expect:

In [138]: x * 2
Out[138]: array([[2, 4],
(6, 811)
In [139]: 2 ** x
Out[139]: array([[ 2, 4],
[ 8, 16]])
In [140]: y / 2
Out[140]: array([[ 2.5, 3. ],
[ 3.5, 4. ]1])
In [141]: (y / 2).dtype
Out[141]: dtype('float64"')

Note that the dtype of the resulting array for an expression can be promoted if the
computation requires it, as shown in the preceding example with division between an
integer array and an integer scalar, which in that case resulted in an array with a dtype
that is np.float64.

If an arithmetic operation is performed on arrays with incompatible size or shape, a
ValueError exception is raised:

In [142]: x = np.array([1, 2, 3, 4]).reshape(2, 2)
In [143]: z = np.array([1, 2, 3, 4])
In [144]: x / z
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ValueError Traceback (most recent call last)
<ipython-input-144-b88cedo8eb6a> in <module>()
---->1x/z

ValueError: operands could not be broadcast together with shapes (2,2) (4,)

Here the array x has shape (2, 2) and the array z has shape (4, ), which cannot
be broadcasted into a form that is compatible with (2, 2).If, on the other hand, z has
shape (2,), (2, 1), or (1, 2), then it can broadcasted to the shape (2, 2) by effectively
repeating the array z along the axis with length 1. Let’s first consider an example with an
array z of shape (1, 2), where the first axis (axis 0) has length 1:

In [145]: z = np.array([[2, 4]])
In [146]: z.shape
Out[146]: (1, 2)

Dividing the array x with array z is equivalent to dividing x with an array zz that is
constructed by repeating (here using np.concatenate) the row vector z to obtain an
array zz that has the same dimensions as x:

In [147]: x / z
Out[147]: array([[ 0.5, 0.5],
[ 1.5, 1. 1])
In [148]: zz = np.concatenate([z, z], axis=0)
In [149]: zz
Out[149]: array([[2, 4],
[2, 4]])
In [150]: x / zz
Out[150]: array([[ 0.5, o0.5],
[ 1.5, 1. 1])

Let’s also consider the example in which the array z has shape (2, 1) and where the
second axis (axis 1) has length 1:

In [151]: z = np.array([[2], [4]])
In [152]: z.shape
Out[152]: (2, 1)
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In this case, dividing x with z is equivalent to dividing x with an array zz that is
constructed by repeating the column vector z until a matrix with the same dimension as
X is obtained.

In [153]: x / z
Out[153]: array([[ 0.5 , 1. 1],
[ 0.75, 1. 1])
In [154]: zz = np.concatenate([z, z], axis=1)
In [155]: zz
Out[155]: array([[2, 2],
[4, 411)
In [156]: x / zz
Out[156]: array([[ 0.5, 1. 1],
[ 0.75, 1. 1])

In summary, these examples show how arrays with shape (1, 2) and (2, 1) are
broadcasted to the shape (2, 2) of the array x when the operation x / z is performed.
In both cases, the result of the operation x / zis the same as first repeating the smaller
array z along its axis of length 1 to obtain a new array zz with the same shape as x and
then performing the equal-sized array operation x / zz. However, the implementation
of the broadcasting does not explicitly perform this expansion and the corresponding
memory copies, but it can be helpful to think of the array broadcasting in these terms.

A summary of the operators for arithmetic operations with NumPy arrays is given
in Table 2-6. These operators use the standard symbols used in Python. The result of an
arithmetic operation with one or two arrays is a new independent array, with its own
data in the memory. Evaluating complicated arithmetic expression might therefore
trigger many memory allocation and copy operations, and when working with large
arrays, this can lead to a large memory footprint and impact the performance negatively.
In such cases, using inplace operation (see Table 2-6) can reduce the memory footprint
and improve performance. As an example of inplace operators, consider the following
two statements, which have the same effect:

In [157]: x = x +y
In [158]: x +=y
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Table 2-6. Operators for Elementwise
Arithmetic Operation on NumPy Arrays

Operator Operation

+, += Addition

- = Subtraction

* = Multiplication
/1= Division

/1= Integer division
= Exponentiation

The two expressions have the same effect, but in the first case, x is reassigned to a
new array, while in the second case, the values of array x are updated inplace. Extensive
use of inplace operators tends to impair code readability, and inplace operators should
therefore be used only when necessary.

Elementwise Functions

In addition to arithmetic expressions using operators, NumPy provides vectorized
functions for elementwise evaluation of many elementary mathematical functions
and operations. Table 2-7 gives a summary of elementary mathematical functions in
NumPy.? Each of these functions takes a single array (of arbitrary dimension) as input
and returns a new array of the same shape, where for each element the function has
been applied to the corresponding element in the input array. The data type of the
output array is not necessarily the same as that of the input array.

*Note that this is not a complete list of the available elementwise functions in NumPy. See the
NumPy reference documentations for comprehensive lists.
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Table 2-7. Selection of NumPy Functions for Elementwise Elementary
Mathematical Functions

NumPy Function Description

np.cos, np.sin, np.tan Trigonometric functions.
np.arccos, np.arcsin, np.arctan Inverse trigonometric functions.
np.cosh, np.sinh, np.tanh Hyperbolic trigonometric functions.

np.arccosh, np.arcsinh, np.arctanh Inverse hyperbolic trigonometric functions.

np.sqrt Square root.
np.exp Exponential.
np.log, np.log2, np.log10 Logarithms of base e, 2, and 10, respectively.

For example, the np.sin function (which takes only one argument) is used to
compute the sine function for all values in the array:

In [159]: x = np.linspace(-1, 1, 11)

In [160]: x

Out[160]: array([-1. , -0.8, -0.6, -0.4, -0.2, 0., 0.2, 0.4, 0.6, 0.8, 1.])

In [161]: y = np.sin(np.pi * x)

In [162]: np.round(y, decimals=4)

Out[162]: array([-0., -0.5878, -0.9511, -0.9511, -0.5878, 0., 0.5878, 0.9511,
0.9511, 0.5878, 0.])

Here we also used the constant np. pi and the function np.round to round the values
of y to four decimals. Like the np.sin function, many of the elementary math functions
take one input array and produce one output array. In contrast, many of the mathematical
operator functions (Table 2-8) operates on two input arrays returns one array:

[163]: np.add(np.sin(x) ** 2, np.cos(x) ** 2)
Out[163]: array([ 1., 1., 1., 1., 1., 1., 1., 1., 1., 1., 1.])
[164]: np.sin(x) ** 2 + np.cos(x) ** 2

[164]: array([ 1., 1., 1., 1., 1., 1., 1., 1., 1., 1., 1.])
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Table 2-8. Summary of NumPy Functions for Elementwise Mathematical

Operations

NumPy Function Description

np.add, np.subtract, Addition, subtraction, multiplication, and division of two NumPy

np.multiply, np.divide  arrays.

np.power Raises first input argument to the power of the second input
argument (applied elementwise).

np.remainder The remainder of division

np.reciprocal The reciprocal (inverse) of each element.

np.real, np.imag, The real part, imaginary part, and the complex conjugate of the

np.conj elements in the input arrays.

np.sign, np.abs The sign and the absolute value.

np.floor, np.ceil, Convert to integer values.

np.rint

np.round Rounds to a given number of decimals.

Note that in this example, np.add and the operator + are equivalent, and for normal
use the operator should be used.

Occasionally it is necessary to define new functions that operate on NumPy arrays
on an element-by-element basis. A good way to implement such functions is to express
it in terms of already existing NumPy operators and expressions, but in cases when this
is not possible, the np.vectorize function can be a convenient tool. This function takes
a nonvectorized function and returns a vectorized function. For example, consider the
following implementation of the Heaviside step function, which works for scalar input:

In [165]: def heaviside(x):
: return 1 if x > 0 else 0

In [166]: heaviside(-1)
Out[166]: 0

In [167]: heaviside(1.5)
Out[167]: 1
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However, unfortunately this function does not work for NumPy array input:

In [168]: x = np.linspace(-5, 5, 11)
In [169]: heaviside(x)

ValueError: The truth value of an array with more than one element is
ambiguous. Use a.any() or a.all()

Using np.vectorize the scalar Heaviside function can be converted into a
vectorized function that works with NumPy arrays as input:

In [170]: heaviside = np.vectorize(heaviside)
In [171]: heaviside(x)
Out[171]: array([o0, 0, O, O, O, O, 1, 1, 1, 1, 1])

Although the function returned by np.vectorize works with arrays, it will be
relatively slow since the original function must be called for each element in the array.
There are much better ways to implementing this particular function using arithmetic
with Boolean-valued arrays, as discussed later in this chapter:

In [172]: def heaviside(x):
return 1.0 * (x > 0)

Nonetheless, np.vectorize can often be a quick and convenient way to vectorize a
function written for scalar input.

In addition to NumPy’s functions for elementary mathematical function, as
summarized in Table 2-7, there are also numerous functions in NumPy for mathematical
operations. A summary of a selection of these functions is given in Table 2-8.

Aggregate Functions

NumPy provides another set of functions for calculating aggregates for NumPy arrays,
which take an array as input and by default return a scalar as output. For example,
statistics such as averages, standard deviations, and variances of the values in the input
array, and functions for calculating the sum and the product of elements in an array, are
all aggregate functions.
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A summary of aggregate functions is given in Table 2-9. All of these functions are
also available as methods in the ndarray class. For example, np.mean(data) and data.
mean() in the following example are equivalent:

In [173]: data = np.random.normal(size=(15,15))
In [174]: np.mean(data)

Out[174]: -0.032423651106794522

In [175]: data.mean()

Out[175]: -0.032423651106794522

Table 2-9. NumPy Functions for Calculating Aggregates of NumPy Arrays

NumPy Function Description

np.mean The average of all values in the array.
np.std Standard deviation.

np.var Variance.

np.sum Sum of all elements.

np.prod Product of all elements.

np.cumsum Cumulative sum of all elements.
np.cumprod Cumulative product of all elements.
np.min, np.max The minimum/maximum value in an array.

np.argmin, np.argmax  The index of the minimum/maximum value in an array.
np.all Returns True if all elements in the argument array are nonzero.

np.any Returns True if any of the elements in the argument array is nonzero.

By default, the functions in Table 2-9 aggregate over the entire input array. Using
the axis keyword argument with these functions, and their corresponding ndarray
methods, it is possible to control over which axis in the array aggregation is carried out.
The axis argument can be an integer, which specifies the axis to aggregate values over.
In many cases the axis argument can also be a tuple of integers, which specifies multiple
axes to aggregate over. The following example demonstrates how calling the aggregate
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function np.sum on the array of shape (5, 10, 15) reduces the dimensionality of the
array depending on the values of the axis argument:

In [176]: data = np.random.normal(size=(5, 10, 15))
In [177]: data.sum(axis=0).shape

Out[177]: (10, 15)

In [178]: data.sum(axis=(0, 2)).shape

Out[178]: (10,)

In [179]: data.sum()

Out[179]: -31.983793284860798

Avisual illustration of how aggregation over all elements, over the first axis, and over
the second axis of a 3 x 3 array is shown in Figure 2-3. In this example, the data array is
filled with integers between 1 and 9:

Q.

In [180]: data = np.arange(1,10).reshape(3,3)
In [181]: data
Out[181]: array([[1, 2, 3],

[4, 5, 6],

[7, 8, 9]])

data data

data.sum() data.sum(axis=0 data.sum(axis=1)

Figure 2-3. Illustration of array aggregation functions along all axes (left), the first
axis (center), and the second axis (right) of a two-dimensional array of shape 3 x 3
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and we compute the aggregate sum of the entire array, over the axis 0, and over axis 1,

respectively:

In [182]: data.sum()
Out[182]: 45

In [183]: data.sum(axis=0)
Out[183]: array([12, 15, 18])
In [184]: data.sum(axis=1)
Out[184]: array([ 6, 15, 24])

Boolean Arrays and Conditional Expressions

When computing with NumPy arrays, there is often a need to compare elements in
different arrays and perform conditional computations based on the results of such
comparisons. Like with arithmetic operators, NumPy arrays can be used with the usual
comparison operators, for example, >, <, >=, <=, ==, and !=, and the comparisons are
made on an element-by-element basis. The broadcasting rules also apply to comparison
operators, and if two operators have compatible shapes and sizes, the result of the
comparison is a new array with Boolean values (with dtype as np.bool) that gives the
result of the comparison for each element:

In [185]: a = np.array([1, 2, 3, 4])

In [186]: b = np.array([4, 3, 2, 1])

In [187]: a < b

Out[187]: array([ True, True, False, False], dtype=bool)

To use the result of a comparison between arrays in, for example, an if statement,
we need to aggregate the Boolean values of the resulting arrays in some suitable fashion,
to obtain a single True or False value. A common use-case is to apply the np.all or np.
any aggregation functions, depending on the situation at hand:

In [188]: np.all(a < b)
Out[188]: False

In [189]: np.any(a < b)
Out[189]: True

In [190]: if np.all(a < b):
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: print("All elements in a are smaller than their corresponding
element in b")

: elif np.any(a < b):

: print("Some elements in a are smaller than their corresponding
element in b")

..: else:

: print("All elements in b are smaller than their corresponding

element in a")
Some elements in a are smaller than their corresponding element in b

The advantage of Boolean-valued arrays, however, is that they often make it possible
to avoid conditional if statements altogether. By using Boolean-valued arrays in
arithmetic expressions, it is possible to write conditional computations in vectorized
form. When appearing in an arithmetic expression together with a scalar number, or
another NumPy array with a numerical data type, a Boolean array is converted to a
numerical-valued array with values 0 and 1 inplace of False and True, respectively.

[191]: x = np.array([-2, -1, 0, 1, 2])

[192]: x > O

[192]: array([False, False, False, True, True], dtype=bool)
In [193]: 1 * (x > 0)

[193]: array([0, O, O, 1, 1])

[194]: x * (x > 0)

[194]: array([o0, O, O, 1, 2])

This is a useful property for conditional computing, such as when defining piecewise
functions. For example, if we need to define a function describing a pulse of a given
height, width, and position, we can implement this function by multiplying the height
(a scalar variable) with two Boolean-valued arrays for the spatial extension of the pulse:

In [195]: def pulse(x, position, height, width):
return height * (x >= position) * (x <= (position + width))
: x = np.linspace(-5, 5, 11)
: pulse(x, position=-2, height=1, width=5)
: array([o, 0, O, 1, 1, 1, 1, 1, 1, 0, O])
: pulse(x, position=1, height=1, width=5)
: array([o, 0, 0, 0, O, O, 1, 1, 1, 1, 1])
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In this example, the expression (x >= position) * (x <= (position + width))isa
multiplication of two Boolean-valued arrays, and for this case the multiplication operator
acts as an elementwise AND operator. The function pulse could also be implemented
using NumPy’s function for elementwise AND operations, np.logical and:

In [199]: def pulse(x, position, height, width):
return height * np.logical and(x >= position, x <= (position +
width))

There are also functions for other logical operations, such as NOT, OR, and XOR,
and functions for selectively picking values from different arrays depending on a
given condition np.where, a list of conditions np.select, and an array of indices
np.choose. See Table 2-10 for a summary of such functions, and the following examples
demonstrate the basic usage of some of these functions. The np.where function selects
elements from two arrays (second and third arguments), given a Boolean-valued
array condition (the first argument). For elements where the condition is True, the
corresponding values from the array given as second argument are selected, and if the
condition is False, elements from the third argument array are selected:

In [200]: x = np.linspace(-4, 4, 9)
In [201]: np.where(x < 0, x**2, x**3)
Out[201]: array([ 26., 9., 4., 1., o0., 1., 8., 27., 64.])

Table 2-10. NumPy Functions for Conditional and Logical Expressions

Function Description

np.where Chooses values from two arrays depending on the value
of a condition array.

np.choose Chooses values from a list of arrays depending on the
values of a given index array.

np.select Chooses values from a list of arrays depending on a list
of conditions.

np.nonzero Returns an array with indices of nonzero elements.

np.logical and Performs an elementwise AND operation.

np.logical or, np.logical xor  Elementwise OR/XOR operations.

np.logical not Elementwise NOT operation (inverting).
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The np.select function works similarly, but instead of a Boolean-valued condition
array, it expects a list of Boolean-valued condition arrays and a corresponding list of
value arrays:

In [202]: np.select([x < -1, x < 2, x >= 2],
celt [x*¥*¥2 | x**3 | x¥¥4])
Out[202]: array([ 16., 9., 4., -1., 0., 1., 16.,
81., 256.])

The np.choose takes as a first argument a list or an array with indices that determine

from which array in a given list of arrays an element is picked from:

In [203]: np.choose([0, O, O, 1, 1, 1, 2, 2, 2],
cet [x*¥*2, x**3)  x¥¥4])
Out[203]: array([ 16., 9., 4., -1., 0., 1., 16.,
81., 256.])

The function np.nonzero returns a tuple of indices that can be used to index the
array (e.g., the one that the condition was based on). This has the same results as
indexing the array directly with abs(x) > 2, but it uses fancy indexing with the indices
returned by np.nonzero rather than Boolean-valued array indexing.

In [204]: np.nonzero(abs(x) > 2)
Out[204]: (array([o, 1, 7, 8]),)

In [205]: x[np.nonzero(abs(x) > 2)]
Out[205]: array([-4., -3., 3., 4.])
In [206]: x[abs(x) > 2]

Out[206]: array([-4., -3., 3., 4.])
Set Operations

The Python language provides a convenient set data structure for managing unordered
collections of unique objects. The NumPy array class ndarray can also be used to
describe such sets, and NumPy contains functions for operating on sets stored as
NumPy arrays. These functions are summarized in Table 2-11. Using NumPy arrays to
describe and operate on sets allows expressing certain operations in vectorized form.
For example, testing if the values in a NumPy array are included in a set can be done
using the np.inid function, which tests for the existence of each element of its first

85



CHAPTER 2  VECTORS, MATRICES, AND MULTIDIMENSIONAL ARRAYS

argument in the array passed as the second argument. To see how this works, consider
the following example: first, to ensure that a NumPy array is a proper set, we can use the
np.unique function, which returns a new array with unique values:

In [207]: a = np.unique([1, 2, 3, 3])

In [208]: b = np.unique([2, 3, 4, 4, 5, 6, 5])

In [209]: np.inid(a, b)

Out[209]: array([False, True, True], dtype=bool)

Table 2-11. NumPy Functions for Operating on Sets

Function Description

np.unique Creates a new array with unique elements, where each value only appears
once.

np.inid Tests for the existence of an array of elements in another array.

np.intersectid Returns an array with elements that are contained in two given arrays.

np.setdiffid  Returns an array with elements that are contained in one, but not the other, of
two given arrays.

np.unionid Returns an array with elements that are contained in either, or both, of two
given arrays.

Here, the existence of each element in a in the set b was tested, and the resultis a
Boolean-valued array. Note that we can use the in keyword to test for the existence of
single elements in a set represented as NumPy array:

In [210]: 1 in a
Out[210]: True

In [211]: 1 in b
Out[211]: False

To test if a is a subset of b, we can use the np.in1d, as in the previous example,
together with the aggregation function np.all (or the corresponding ndarray method) :

In [212]: np.all(np.inid(a, b))
Out[212]: False
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The standard set operations union (the set of elements included in either or both
sets), intersection (elements included in both sets), and difference (elements included in
one of the sets but not the other) are provided by np.unionid, np.intersectid, and np.
setdiffid, respectively:

: np.setdiffid(b, a)
: array([4, 5, 6])

In [213]: np.unionid(a, b)
Out[213]: array([1, 2, 3, 4, 5, 6])
In [214]: np.intersectid(a, b)
Out[214]: array([2, 3])
In [215]: np.setdiffid(a, b)
Out[215]: array([1])

[216]

[216]

Operations on Arrays

In addition to elementwise and aggregation functions, some operations act on arrays

as a whole and produce a transformed array of the same size. An example of this type of
operation is the transpose, which flips the order of the axes of an array. For the special
case of a two-dimensional array, i.e., a matrix, the transpose simply exchanges rows and
columns:

In [217]: data = np.arange(9).reshape(3, 3)
In [218]: data
Out[218]: array([[o0, 1, 2],
[3, 4, 5],
[6, 7, 8]])
In [219]: np.transpose(data)
Out[219]: array([[o, 3, 6],
[1, 4, 7],
[2, 5, 8]])
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The transpose function np.transpose also exists as a method in ndarray and as the
special method name ndarray.T. For an arbitrary N-dimensional array, the transpose
operation reverses all the axes, as can be seen from the following example (note that the
shape attribute is used here to display the number of values along each axis of the array) :

In [220]: data = np.random.randn(1, 2, 3, 4, 5)
In [221]: data.shape

Out[221]: (1, 2, 3, 4, 5)

In [222]: data.T.shape

Out[222]: (5, 4, 3, 2, 1)

The np.fliplr (flip left-right) and np.flipud (flip up-down) functions perform
operations that are similar to the transpose: they reshuffle the elements of an array so
that the elements in rows (np.fliplr) or columns (np.flipud) are reversed, and the
shape of the output array is the same as the input. The np.rot90 function rotates the
elements in the first two axes in an array by 90 degrees, and like the transpose function,
it can change the shape of the array. Table 2-12 gives a summary of NumPy functions for
common array operations.

Table 2-12. Summary of NumPy Functions for Array Operations

Function Description

np.transpose, The transpose (reverse axes) of an array.
np.ndarray.transpose,

np.ndarray.T

np.fliplr/np.flipud Reverse the elements in each row/column.

np.rot9o Rotates the elements along the first two axes by 90 degrees.
np.sort, Sort the elements of an array along a given specified axis (which
np.ndarray.sort default to the last axis of the array). The np.ndarray method sort

performs the sorting in place, modifying the input array.

Matrix and Vector Operations

We have so far discussed general N-dimensional arrays. One of the main applications of
such arrays is to represent the mathematical concepts of vectors, matrices, and tensors,
and in this use-case, we also frequently need to calculate vector and matrix operations
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such as scalar (inner) products, dot (matrix) products, and tensor (outer) products. A
summary of NumPy’s functions for matrix operations is given in Table 2-13.

Table 2-13. Summary of NumPy Functions for Matrix Operations

NumPy Function Description

np.dot Matrix multiplication (dot product) between two given arrays representing
vectors, arrays, or tensors.

np.inner Scalar multiplication (inner product) between two arrays representing vectors.

np.cross The cross product between two arrays that represent vectors.

np.tensordot Dot product along specified axes of multidimensional arrays.

np.outer Outer product (tensor product of vectors) between two arrays representing
vectors.
np.kron Kronecker product (tensor product of matrices) between arrays representing

matrices and higher-dimensional arrays.

np.einsum Evaluates Einstein’s summation convention for multidimensional arrays.

In NumPy, the * operator is used for elementwise multiplication. For two two-
dimensional arrays A and B, the expression A * B therefore does not compute a matrix
product (in contrast to many other computing environments). Currently there is no
operator for denoting matrix multiplication,* and instead the NumPy function np.dot
is used for this purpose. There is also a corresponding method in the ndarray class. To
compute the product of two matrices A and B, of size N x M and M x P, which results in a
matrix of size N x P, we can use:

In [223]: A = np.arange(1, 7).reshape(2, 3)

In [224]: A
Out[224]: array([[1, 2, 3],
[4, 5, 6]])
In [225]: B = np.arange(1, 7).reshape(3, 2)
In [226]: B

“Python recently adopted the @ symbol for denoting matrix multiplication, and as of Python 3.5,
this operator is now available. However, at the time of writing, this operator is still not widely
used. See http://legacy.python.org/dev/peps/pep-0465 for details.
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Out[226]: array([[1, 2],
(3, 4],
[5, 6]])
In [227]: np.dot(A, B)
Out[227]: array([[22, 28],
[49, 64]])
In [228]: np.dot(B, A)
Out[228]: array([[ 9, 12, 15],
[19, 26, 33],
[29, 40, 51]])

The np.dot function can also be used for matrix-vector multiplication (i.e.,
multiplication of a two-dimensional array, which represents a matrix, with a one-
dimensional array representing a vector) . For example,

In [229]: A = np.arange(9).reshape(3, 3)

In [230]: A

Out[230]: array([[o0, 1, 2],
[3, 4, 5],
[6, 7, 811)

[231]: x = np.arange(3)

[232]: x

Out[232]: array([o, 1, 2])
[233]: np.dot(A, x)
[233]

233]: array([5, 14, 23])

In this example, x can be either a two-dimensional array of shape (1, 3) or a one-
dimensional array with shape (3, ). In addition to the function np.dot, there is also a
corresponding method dot in ndarray, which can be used as in the following example:

In [234]: A.dot(x)
Out[234]: array([5, 14, 23])
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Unfortunately, nontrivial matrix multiplication expressions can often become
complex and hard to read when using either np.dot or np.ndarray.dot. For example,
even a relatively simple matrix expression like the one for a similarity transform,

A’ = BAB™!, must be represented with relatively cryptic nested expressions,® such as

either

In [235]: A = np.random.rand(3,3)

In [236]: B = np.random.rand(3,3)

In [237]: Ap = np.dot(B, np.dot(A, np.linalg.inv(B)))
or

In [238]: Ap = B.dot(A.dot(np.linalg.inv(B)))

To improve this situation, NumPy provides an alternative data structure to
ndarray named matrix, for which expressions like A * B are implemented as matrix
multiplication. It also provides some convenient special attributes, like matrix.I for the
inverse matrix and matrix.H for the complex conjugate transpose of a matrix. Using
instances of this matrix class, one can therefore use the vastly more readable expression:

In [239]: A

In [240]: B = np.matrix(B)
In [241]: Ap = B * A * B.I

np.matrix(A)

This may seem like a practical compromise, but unfortunately using the matrix class
does have a few disadvantages, and its use is therefore often discouraged. The main
objection against using matrix is that expression like A * B is then context dependent:
that is, it is not immediately clear if A * B denotes elementwise or matrix multiplication,
because it depends on the type of A and B, and this creates another code-readability
problem. This can be a particularly relevant issue if A and B are user-supplied arguments
to a function, in which case it would be necessary to cast all input arrays explicitly to
matrix instances, using, for example, np.asmatrix or the function np.matrix (since
there would be no guarantee that the user calls the function with arguments of type
matrix rather than ndarray). The np.asmatrix function creates a view of the original
array in the form of an np.matrix instance. This does not add much in computational
costs, but explicitly casting arrays back and forth between ndarray and matrix does

*With the new infix matrix multiplication operator, this same expression can be expressed as the
considerably more readable:Ap = B @ A @ np.linalg.inv(B).
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offset much of the benefits of the improved readability of matrix expressions. A related
issue is that some functions that operate on arrays and matrices might not respect the
type of the input and may return an ndarray even though it was called with an input
argument of type matrix. This way, a matrix of type matrix might be unintentionally
converted to ndarray, which in turn would change the behavior of expressions like

A * B. This type of behavior is not likely to occur when using NumPy’s array and matrix
functions, but it is not unlikely to happen when using functions from other packages.
However, in spite of all the arguments for not using matrix matrices too extensively,
personally I think that using matrix class instances for complicated matrix expressions is
an important use-case, and in these cases, it might be a good idea to explicitly cast arrays
to matrices before the computation and explicitly cast the result back to the ndarray
type, following the pattern:

In [242]: A = np.asmatrix(A)
In [243]: B = np.asmatrix(B)
In [244]: Ap = B * A * B.I

In [245]: Ap = np.asarray(Ap)

The inner product (scalar product) between two arrays representing vectors can be
computed using the np.inner function:

In [246]: np.inner(x, x)
Out[246]: 5

or, equivalently, using np.dot:

In [247]: np.dot(x, x)
Out[247]: 5

The main difference is that np.inner expects two input arguments with the same
dimension, while np.dot can take input vectors of shape 1 x Nand N x 1, respectively:

In [248]: y = x[:, np.newaxis]

In [249]: y

Out[249]: array([[0],
[1],
[2]])

In [250]: np.dot(y.T, y)
Out[250]: array([[5]])
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While the inner product maps two vectors to a scalar, the outer product performs the
complementary operation of mapping two vectors to a matrix.

In [251]: x = np.array([1, 2, 3])
In [252]: np.outer(x, x)
Out[252]: array([[1, 2, 3],

[2, 4, 6],

[3, 6, 9]])

The outer product can also be calculated using the Kronecker product using the
function np . kron, which, however, in contrast to np.outer, produces an output array of
shape (M*P, N*Q) if the input arrays have shapes (M, N) and (P, Q), respectively. Thus,
for the case of two one-dimensional arrays of length M and P, the resulting array has
shape (M*P, ) :

In [253]: np.kron(x, x)

To obtain the result that corresponds to np.outer(x, x), the input array x must be
expanded to shape (N, 1) and (1, N), in the first and second argument to np.kzron,
respectively:

In [254]: np.kron(x[:, np.newaxis], x[np.newaxis, :])
Out[254]: array([[1, 2, 3],

[2, 4, 6],

[3, 6, 9]])

In general, while the np.outer function is primarily intended for vectors as input,
the np.kron function can be used for computing tensor products of arrays of arbitrary
dimension (but both inputs must have the same number of axes). For example, to
compute the tensor product of two 2 x 2 matrices, we can use:

In [255]: np.kron(np.ones((2,2)), np.identity(2))
Out[255]: array([[ 1., o0., 1., o0.],

[ 0., 1., 0., 1.],
[ 1., o0., 1., o0.],
[ 0., 1., 0., 1.]])
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In [256]: np.kron(np.identity(2), np.ones((2,2)))
Out[256]: array([[ 1., 1., 0., o0.],

[ 1., 1., 0., o0.],
[ 0., 0., 1., 1.],
[ 0., 0., 1., 1.]])

When working with multidimensional arrays, it is often possible to express common
array operations concisely using Einstein’s summation convention, in which an implicit
summation is assumed over each index that occurs multiple times in an expression. For
example, the scalar product between two vectors x and y is compactly expressed as x,y,
and the matrix multiplication of two matrices A and B is expressed as A, Bi,. NumPy
provides the function np.einsum for carrying out Einstein summations. Its first argument
is an index expression, followed by an arbitrary number of arrays that are included in the
expression. The index expression is a string with comma-separated indices, where each
comma separates the indices of each array. Each array can have any number of indices.
For example, the scalar product expression x,y, can be evaluated with np.einsum using
the index expression "n,n", that is using np.einsum("n,n", x, y):

In [257]: x = np.array([1, 2, 3, 4])
In [258]: y = np.array([5, 6, 7, 8])
In [259]: np.einsum("n,n", x, y)
Out[259]: 70

In [260]: np.inner(x, y)

Out[260]: 70

Similarly, the matrix multiplication A, By, can be evaluated using np.einsum and the
index expression "mk, kn":

A

[261] np.arange(9).reshape(3, 3)
[262]: B = A.T
In [263]: np.einsum("mk,kn", A, B)
[263]: array([[ 5, 14, 23],
[ 14, 50, 86],
[ 23, 86, 149]])
In [264]: np.alltrue(np.einsum("mk,kn", A, B) == np.dot(A, B))
Out[264]: True
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The Einstein summation convention can be particularly convenient when dealing
with multidimensional arrays, since the index expression that defines the operation
makes it explicit which operation is carried out and along which axes it is performed.
An equivalent computation using, for example, np.tensordot might require giving the
axes along which the dot product is to be evaluated.

Summary

In this chapter we have given a brief introduction to array-based programming with

the NumPy library that can serve as a reference for the following chapters in this book.
NumPy is a core library for computing with Python that provides a foundation for
nearly all computational libraries for Python. Familiarity with the NumPy library and

its usage patterns is a fundamental skill for using Python for scientific and technical
computing. Here we started with introducing NumPy’s data structure for N-dimensional
arrays - the ndarray object - and we continued by discussing functions for creating

and manipulating arrays, including indexing and slicing for extracting elements from
arrays. We also discussed functions and operators for performing computations with
ndarray objects, with an emphasis on vectorized expressions and operators for efficient
computation with arrays. Throughout the rest of this book, we will see examples

of higher-level libraries for specific fields in scientific computing that use the array
framework provided by NumPy.

Further Reading

The NumPy library is the topic of several books, including the Guide to NumPy, by the
creator of the NumPy T. Oliphant, available for free online at http://web.mit.edu/dvp/
Public/numpybook.pdf, and a series of books by Ivan Idris: Numpy Beginner’s Guide
(2015), NumPy Cookbook (2012), and Learning NumPy Array (2014). NumPy is also
covered in fair detail in McKinney (2013).
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Symbolic Computing

Symbolic computing is an entirely different paradigm in computing compared to the
numerical array-based computing introduced in the previous chapter. In symbolic
computing software, also known as computer algebra systems (CASs), representations
of mathematical objects and expressions are manipulated and transformed analytically.
Symbolic computing is mainly about using computers to automate analytical
computations that can in principle be done by hand with pen and paper. However, by
automating the book-keeping and the manipulations of mathematical expressions using
a computer algebra system, it is possible to take analytical computing much further than
can realistically be done by hand. Symbolic computing is a great tool for checking and
debugging analytical calculations that are done by hand, but more importantly it enables
carrying out analytical analysis that may not otherwise be possible.

Analytical and symbolic computing is a key part of the scientific and technical
computing landscape, and even for problems that can only be solved numerically (which
is common, because analytical methods are not feasible in many practical problems),
it can make a big difference to push the limits for what can be done analytically before
resorting to numerical techniques. This can, for example, reduce the complexity or
size of the numerical problem that finally needs to be solved. In other words, instead
of tackling a problem in its original form directly using numerical methods, it may be
possible to use analytical methods to simplify the problem first.

In the scientific Python environment, the main module for symbolic computing is
SymPy (Symbolic Python). SymPy is entirely written in Python and provides tools for a
wide range of analytical and symbolic problems. In this chapter we look in detail into
how SymPy can be used for symbolic computing with Python.
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SymPy The Symbolic Python (SymPy) library aims to provide a full-featured
computer algebra system (CAS). In contrast to many other CASs, SymPy is
primarily a library, rather than a full environment. This makes SymPy well suited for
integration in applications and computations that also use other Python libraries.
At the time of writing, the latest version is 1.1.1. More information about SymPy

is available at www.sympy.org and https://github.com/sympy/sympy/
wiki/Faq.

Importing SymPy

The SymPy project provides the Python module named sympy. It is common to import
all symbols from this module when working with SymPy, using from sympy import *,
but in the interest of clarity and for avoiding namespace conflicts between functions
and variables from SymPy and from other packages such NumPy and SciPy (see later
chapters), here we will import the library in its entirety as sympy. In the rest of this book,
we will assume that SymPy is imported in this way.

In [1]: import sympy
In [2]: sympy.init printing()

Here we have also called the sympy.init_printing function, which configures
SymPy’s printing system to display nicely formatted renditions of mathematical
expressions, as we will see examples of such later in this chapter. In the Jupyter
Notebook, this sets up printing so that the MathJax JavaScript library renders SymPy
expressions, and the results are displayed on the browser page of the notebook.

For the sake of convenience and readability of the example codes in this chapter, we
will also assume that the following frequently used symbols are explicitly imported from
SymPy into the local namespace:

In [3]: from sympy import I, pi, oo
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Caution Note that NumPy and SymPy, as well as many other libraries, provide
many functions and variables with the same name. But these symbols are rarely
interchangeable. For example, numpy . p1i is a numerical approximation of the
mathematical symbol =, while sympy . pi is a symbolic representation of z. It is
therefore important to not mix them up and use, for instance, numpy . pi in place
of sympy . pi when doing symbolic computations, or vice versa. The same holds
true for many fundamental mathematical functions, such as for example numpy.
sinvs. sympy.sin. Therefore, when using more than one package in computing
with Python, it is important to consistently use namespaces.

Symbols

A core feature in SymPy is to represent mathematical symbols as Python objects. In
the SymPy library, for example, the class sympy.Symbol can be used for this purpose.
An instance of Symbol has a name and set of attributes describing its properties and
methods for querying those properties and for operating on the symbol object. A symbol
by itself is not of much practical use, but symbols are used as nodes in expression trees
to represent algebraic expressions (see next section). Among the first steps in setting up
and analyzing a problem with SymPy is to create symbols for the various mathematical
variables and quantities that are required to describe the problem.

The symbol name is a string, which optionally can contain LaTeX-like markup to
make the symbol name display well in, for example, IPython’s rich display system.
The name of a Symbol object is set when it is created. Symbols can be created in a few
different ways in SymPy, for example, using sympy . Symbol, sympy.symbols, and sympy.
var. Normally it is desirable to associate SymPy symbols with Python variables with
the same name or a name that closely corresponds to the symbol name. For example,
to create a symbol named X, and binding it to the Python variable with the same name,
we can use the constructor of the Symbol class and pass a string containing the symbol
name as the first argument:

In [4]: x = sympy.Symbol("x")
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The variable x now represents an abstract mathematical symbol x of which very little
information is known by default. At this point, x could represent, for example, a real
number, an integer, a complex number, a function, as well as a large number of other
possibilities. In many cases it is sufficient to represent a mathematical symbol with this
abstract, unspecified Symbol object, but sometimes it is necessary to give the SymPy
library more hints about exactly what type of symbol a Symbol object is representing.
This may help SymPy to more efficiently manipulate or simplify analytical expressions.
We can add on various assumptions that narrow down the possible properties of a
symbol by adding optional keyword arguments to the symbol-creating functions, such
as Symbol. Table 3-1 summarizes a selection of frequently used assumptions that can be
associated with a Symbol class instance. For example, if we have a mathematical variable
y that is known to be a real number, we can use the real=True keyword argument
when creating the corresponding symbol instance. We can verify that SymPy indeed
recognizes that the symbol is real by using the is_real attribute of the Symbol class:

In [5]: y = sympy.Symbol("y", real=True)
In [6]: y.is real
Out[6]: True

If, on the other hand, we were to use is_real to query the previously defined symbol
x, which was not explicitly specified to real, and therefore can represent both real and
nonreal variables, we get None as a result:

In [7]: x.is_real is None
Out[7]: True

Note that the is_real returns True if the symbol is known to be real, False if the
symbol is known to not be real, and None if it is not known if the symbol is real or not.
Other attributes (see Table 3-1) for querying assumptions on Symbol objects work in the
same way. For an example that demonstrates a symbol for which the is_real attribute is
False, consider

In [8]: sympy.Symbol("z", imaginary=True).is real
Out[8]: False
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Table 3-1. Selected Assumptions and Their Corresponding Keyword for Symbol
Objects. For a complete list, see the docstring for sympy . Symbol

Assumption Keyword Arguments Attributes Description

real, imaginary is real, is_ Specify that a symbol represents a
imaginary real or imaginary number.

positive, negative is positive, Specify that a symbol is positive or
is _negative negative.

integer is_integer The symbol represents an integer.

odd, even is_odd, is_even  The symbol represents an odd or

even integer.

prime is_prime The symbol is a prime number and
therefore also an integer.
finite, infinite is finite, is_ The symbol represents a quantity
infinite that is finite or infinite.

Among the assumptions in Table 3-1, the most important ones to explicitly specify
when creating new symbols are real and positive. When applicable, adding these
assumptions to symbols can frequently help SymPy to simplify various expressions
further than otherwise possible. Consider the following simple example:

In [9]: x = sympy.Symbol("x")

In [10]: y = sympy.Symbol("y", positive=True)
In [11]: sympy.sqrt(x ** 2)

out[11]: x?

In [12]: sympy sqrt(y ** 2)

Out[12]:

Here we have created two symbols, x and y, and computed the square root of the
square of that symbol using the SymPy function sympy.sqrt. If nothing is known about
the symbol in the computation, then no simplification can be done. If, on the other hand,
the symbol is known to be representing a positive number, then obviously \/y72 =y, and
SymPy correctly recognizes this in the latter example.
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When working with mathematical symbols that represent integers, rather than say
real numbers, it is also useful to explicitly specify this when creating the corresponding
SymPy symbols, using, for example, the integer=True, or even=True or odd=True, if
applicable. This may also allow SymPy to analytically simplify certain expressions and
function evaluations, such as in the following example:

In [13]: n1 = sympy.Symbol("n")

In [13]: n2 = sympy.Symbol("n", integer=True)
In [13]: n3 = sympy.Symbol("n", odd=True)

In [14]: sympy.cos(nl * pi)

Out[14]: cos(mn)

In [15]: sympy.cos(n2 * pi)

Out[15]: (-1)n

In [16]: sympy.cos(n3 * pi)

Out[16]: -1

To formulate a nontrivial mathematical problem, it is often necessary to define a
large number of symbols. Using Symbol to specify each symbol one-by-one may become
tedious, and for convenience, SymPy contains a function sympy . symbols for creating
multiple symbols in one function call. This function takes a comma-separated string of
symbol names, as well as an arbitrary set of keyword arguments (which apply to all the
symbols), and it returns a tuple of newly created symbols. Using Python’s tuple unpacking
syntax together with a call to sympy.symbols is a convenient way to create symbols:

In [17]: a, b, C
In [18]: d, e, f

sympy.symbols("a, b, c", negative=True)
sympy.symbols("d, e, f", positive=True)

Numbers

The purpose of representing mathematical symbols as Python objects is to use them

in expression trees that represent mathematical expressions. To be able to do this, we
also need to represent other mathematical objects, such as numbers, functions, and
constants. In this section we look at SymPy’s classes for representing number objects.
All of these classes have many methods and attributes shared with instances of Symbol,
which allows us to treat symbols and numbers on equal footing when representing
expressions.
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For example, in the previous section, we saw that Symbol instances have attributes
for querying properties of symbol objects, such as is_real. We need to be able to use the
same attributes for all types of objects, including for example numbers such as integers
and floating-point numbers, when manipulating symbolic expressions in SymPy. For this
reason, we cannot directly use the built-in Python objects for integers, int, and floating-
point numbers, float, and so on. Instead, SymPy provides the classes sympy.Integer
and sympy . Float for representing integers and floating-point numbers within the SymPy
framework. This distinction is important to be aware of when working with SymPy, but
fortunately we rarely need to concern ourselves with creating objects of type sympy.
Integer and sympy.Float to representing specific numbers, since SymPy automatically
promotes Python numbers to instances of these classes when they occur in SymPy
expressions. However, to demonstrate this difference between Python’s built-in number
types and the corresponding types in SymPy, in the following example, we explicitly
create instances of sympy . Integer and sympy.Float and use some of their attributes to

query their properties:

In [19]: i = sympy.Integer(19)

In [20]: type(i)

Out[20]: sympy.core.numbers.Integer

In [21]: i.is_Integer, i.is real, i.is odd
Out[21]: (True, True, True)

In [22]: f = sympy.Float(2.3)

In [23]: type(f)

Out[23]: sympy.core.numbers.Float

In [24]: f.is_Integer, f.is_real, f.is_odd
Out[24]: (False, True, False)

Tip We can cast instances of sympy.Integer and sympy.Float back to
Python built-in types using the standard type casting int(i) and float(f).
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To create a SymPy representation of a number, or in general, an arbitrary expression,
we can also use the sympy. sympify function. This function takes a wide range of inputs and
derives a SymPy compatible expression, and it eliminates the need for specifying explicitly
what types of objects are to be created. For the simple case of number input, we can use

In [25]: i, f = sympy.sympify(19), sympy.sympify(2.3)
In [26]: type(i), type(f)
Out[26]: (sympy.core.numbers.Integer, sympy.core.numbers.Float)

Integer

In the previous section, we have already used the Integer class to represent integers.
It's worth pointing out that there is a difference between a Symbol instance with

the assumption integer=True and an instance of Integer. While the Symbol with
integer=True represents some integer, the Integer instance represents a specific
integer. For both cases, the is_integer attribute is True, but there is also an attribute
is_Integer (note the capital I), which is only True for Integer instances. In general,
attributes with names in the form is_Name indicate if the object is of type Name, and
attributes with names in the form is_name indicate if the object is known to satisfy
the condition name. Thus, there is also an attribute is_Symbol that is True for Symbol

instances.

In [27]: n = sympy.Symbol("n", integer=True)

In [28]: n.is_integer, n.is Integer, n.is positive, n.is Symbol
Out[28]: (True, False, None, True)

In [29]: i = sympy.Integer(19)

In [30]: i.is_integer, i.is Integer, i.is positive, i.is Symbol
Out[30]: (True, True, True, False)

Integers in SymPy are arbitrary precision, meaning that they have no fixed lower
and upper bounds, which is the case when representing integers with a specific bit size,
as, for example, in NumPy. It is therefore possible to work with very large numbers, as
shown in the following examples:

In [31]: i ** 50
Out[31]: 8663234049605954426644038200675212212900743262211018069459689001
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In [32]: sympy.factorial(100)

Out[32]: 933262154439441526816992388562667004907159682643816214685929638952
175999932299156089414639761565182862536979208272237582511852109168640000000
00000000000000000

Float

We have also already encountered the type sympy.Float in the previous sections.
Like Integer, Float is arbitrary precision, in contrast to Python’s built-in float type
and the float types in NumPy. This means that a Float can represent a float with an
arbitrary number of decimals. When a Float instance is created using its constructor,
there are two arguments: the first argument is a Python float or a string representing a
floating-point number, and the second (optional) argument is the precision (number
of significant decimal digits) of the Float object. For example, it is well known

that the real number 0.3 cannot be represented exactly as a normal fixed bit-size
floating-point number, and when printing 0.3 to 20 significant digits, it is displayed as
0.2999999999999999888977698. The SymPy Float object can represent the real number
0.3 without the limitations of floating-point numbers:

[33]: "%.25f" % 0.3 # create a string representation with 25 decimals
Out[33]: '0.2999999999999999888977698'
[34]: sympy.Float(0.3, 25)
Out[34]: 0.2999999999999999888977698
[35]: sympy.Float('0.3", 25)
[35]

Out[35]: 0.3

However, note that to correctly represent 0.3 as a Float object, it is necessary to
initialize it from a string ‘0.3’ rather than the Python float 0.3, which already contains a
floating-point error.

Rational

A rational number is a fraction p/q of two integers, the numerator p and the
denominator g. SymPy represents this type of numbers using the sympy.Rational class.
Rational numbers can be created explicitly, using sympy.Rational and the numerator
and denominator as arguments:

In [36]: sympy.Rational(11, 13)

out[36]: 11
13
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or they can be a result of a simplification carried out by SymPy. In either case,
arithmetic operations between rational and integers remain rational.

In [37]: r1 = sympy.Rational(2, 3)
In [38]: r2 = sympy.Rational(4, 5)
In [39]: r1 * 12
out[39]: &

15

In [40]: 11 / 12
Out[40]: >
"6

Constants and Special Symbols

SymPy provides predefined symbols for various mathematical constants and

special objects, such as the imaginary unit i and infinity. These are summarized in
Table 3-2, together with their corresponding symbols in SymPy. Note in particular that
the imaginary unit is written as I in SymPy.

Table 3-2. Selected Mathematical Constants and Special Symbols and Their
Corresponding Symbols in SymPy

Mathematical Symbol  SymPy Symbol Description

m sympy.pi Ratio of the circumference to the diameter of a
circle.

e sympy.E The base of the natural logarithm, e = exp (1).

Y sympy.EulerGamma Euler’s constant.

i sympy.I The imaginary unit.

0 sympy .00 Infinity.

Functions

In SymPy, objects that represent functions can be created with sympy.Function. Like
Symbol, this Function object takes a name as the first argument. SymPy distinguishes
between defined and undefined functions, as well as between applied and unapplied
functions. Creating a function with Function results in an undefined (abstract) and

106



CHAPTER 3  SYMBOLIC COMPUTING

unapplied function, which has a name but cannot be evaluated because its expression,
or body, is not defined. Such a function can represent an arbitrary function of arbitrary
numbers of input variables, since it also has not yet been applied to any particular
symbols or input variables. An unapplied function can be applied to a set of input
symbols that represent the domain of the function by calling the function instance with
those symbols as arguments.' The result is still an unevaluated function, but one that
has been applied to the specified input variables, and therefore has a set of dependent
variables. As an example of these concepts, consider the following code listing where we
create an undefined function f, which we apply to the symbol x, and another function g
which we directly apply to the set of symbols x, y, z:

In [41]: x, y, z = sympy.symbols("x, y, z")
In [42]: f = sympy.Function("f")

In [43]: type(f)

Out[43]: sympy.core.function.UndefinedFunction
In [44]: f(x)

out[44]: f(x)

In [45]: g = sympy.Function("g")(x, y, z)
In [46]: g

out[46]: g(x,y,z)

In [47]: g.free symbols

out[47]: {x,y,z}

Here we have also used the property free_symbols, which returns a set of unique
symbols contained in a given expression (in this case the applied undefined function g),
to demonstrate that an applied function indeed is associated with a specific set of input
symbols. This will be important later in this chapter, for example, when we consider
derivatives of abstract functions. One important application of undefined functions is for
specifying differential equations or, in other words, when an equation for the function is
known, but the function itself is unknown.

In contrast to undefined functions, a defined function is one that has a specific
implementation and can be numerically evaluated for all valid input parameters. It is
possible to define this type of function, for example, by subclassing sympy.Function,

"Here it is important to keep in mind the distinction between a Python function, or callable
Python object such as sympy . Function, and the symbolic function that a sympy.Function class
instance represents.
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but in most cases it is sufficient to use the mathematical functions provided by SymPy.
Naturally, SymPy has built-in functions for many standard mathematical functions

that are available in the global SymPy namespace (see the module documentation

for sympy.functions.elementary, sympy.functions.combinatorial, and sympy.
functions.special and their subpackages for comprehensive lists of the numerous
functions that are available, using the Python help function). For example, the SymPy
function for the sine function is available as sympy.sin (with our import convention).
Note that this is not a function in the Python sense of the word (it is, in fact, a subclass of
sympy.Function), and it represents an unevaluated sin function that can be applied to a

numerical value, a symbol, or an expression.

In [48]: sympy.sin

Out[48]: sympy.functions.elementary.trigonometric.sin
In [49]: sympy.sin(x)

Out[49]: sin(x)

In [50]: sympy.sin(pi * 1.5)

Out[50]: -1

When applied to an abstract symbol, such as x, the sin function remains
unevaluated, but when possible it is evaluated to a numerical value, for example,
when applied to a number or, in some cases, when applied to expressions with certain
properties, as in the following example:

In [51]: n = sympy.Symbol("n", integer=True)
In [52]: sympy.sin(pi * n)
Out[52]: 0

A third type of function in SymPy is lambda functions, or anonymous functions,
which do not have names associated with them, but do have a specific function body
that can be evaluated. Lambda functions can be created with sympy . Lambda:

In [53]: h = sympy.Lambda(x, x**2)

In [54]: h
Out[54]:(x+—>x2)
In [55]: h(5)
Out[55]: 25

In [56]: h(1 + x)
Out[56]: (1 + x)2
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Expressions

The various symbols introduced in the previous sections are the fundamental building
blocks required to express mathematical expressions. In SymPy, mathematical
expressions are represented as trees where leaves are symbols and nodes are class
instances that represent mathematical operations. Examples of these classes are Add,
Mul, and Pow for basic arithmetic operators and Sum, Product, Integral, and Derivative
for analytical mathematical operations. In addition, there are many other classes for
mathematical operations, which we will see more examples of later in this chapter.
Consider, for example, the mathematical expression 1+2x%+3x%. To represent this in
SymPy, we only need to create the symbol x and then write the expression as Python

code:

In [54]: x = sympy.Symbol("x")

In [55]: expr = 1 + 2 * x**2 4 3 * x¥*3
In [56]: expr

Out[56]: 3x3 + 2x* + 1

Here expr is an instance of Add, with the subexpressions 1, 2*¥x**2, and 3*x**3.
The entire expression tree for expr is visualized in Figure 3-1. Note that we do not need
to explicitly construct the expression tree, since it is automatically built up from the
expression with symbols and operators. Nevertheless, to understand how SymPy works,

it is important to know how expressions are represented.

Figure 3-1. Visualization of the expression tree for 1 + 2*x**2 + 3*x**3
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The expression tree can be traversed explicitly using the args attribute, which all
SymPy operations and symbols provide. For an operator, the args attribute is a tuple
of subexpressions that are combined with the rule implemented by the operator class.
For symbols, the args attribute is an empty tuple, which signifies that it is a leaf in the
expression tree. The following example demonstrates how the expression tree can be

explicitly accessed:

In [57]: expr.args

Out[57]: (1,2x%,3x3)

In [58]: expr.args[1]

Out[58]: 2x?

In [59]: expr.args[1].args[1]
out[59]: x?

In [60]: expr.args[1].args[1].args[0]
Out[60]: x

In [61]: expr.args[1].args[1].args[0].args
Oout[61]: ()

In the basic use of SymPy;, it is rarely necessary to explicitly manipulate expression
trees, but when the methods for manipulating expressions that are introduced in the
following section are not sufficient, it is useful to be able to implement functions of your
own that traverse and manipulate the expression tree using the args attribute.

Manipulating Expressions

Manipulating expression trees is one of the main jobs for SymPy, and numerous
functions are provided for different types of transformations. The general idea is

that expression trees can be transformed between mathematically equivalent forms
using simplification and rewrite functions. These functions generally do not change

the expressions that are passed to the functions, but rather create a new expression

that corresponds to the modified expression. Expressions in SymPy should thus be
considered immutable objects (that cannot be changed). All the functions we consider
in this section treat SymPy expressions as immutable objects and return new expression
trees rather than modify expressions in place.
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Simplification

The most desirable manipulation of a mathematical expression is to simplify it. This

is perhaps and also the most ambiguous operation, since it is nontrivial to determine
algorithmically if one expression appears simpler than another to a human being,

and in general it is also not obvious which methods should be employed to arrive at a
simpler expression. Nonetheless, black-box simplification is an important part of any
CAS, and SymPy includes the function sympy.simplify that attempts to simplify a given
expression using a variety of methods and approaches. The simplification function can
also be invoked through the method simplify, as illustrated in the following example.

In [67]: expr = 2 * (x**2 - x) - x * (x + 1)
In [68]: expr

Out[68]: 2x* - x(x+1)-2x

In [69]: sympy.simplify(expr)

Out[69]: x(x-3)

In [70]: expr.simplify()

Out[70]: x(x-3)

In [71]: expr

Out[71]: 2x* - x(x+1)-2x

Note that here both sympy.simplify(expr) and expr.simplify() return new
expression trees and leave the expression expr untouched, as mentioned earlier. In this
example, the expression expr can be simplified by expanding the products, canceling
terms, and then factoring the expression again. In general, sympy.simplify will attempt
a variety of different strategies and will also simplify, for example, trigonometric and
power expressions, as exemplified here:

In [72]: expr = 2 * sympy.cos(x) * sympy.sin(x)
In [73]: expr

Out[73]: 2 sin(x)cos(x)

In [74]: sympy.simplify(expr)

Out[74]: sin(2x)
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and

In [75]: expr = sympy.exp(x) * sympy.exp(y)
In [76]: expr

Out[76]: exp(x)exp(y)

In [77]: sympy.simplify(expr)

Out[77]: exp(x+y)

Each specific type of simplification can also be carried out with more specialized
functions, such as sympy.trigsimp and sympy.powsimp, for trigonometric and power
simplifications, respectively. These functions only perform the simplification that their
names indicate and leave other parts of an expression in its original form. A summary
of simplification functions is given in Table 3-3. When the exact simplification steps
are known, it is in general better to rely on the more specific simplification functions,
since their actions are more well defined and less likely to change in future versions of
SymPy. The sympy.simplify function, on the other hand, relies on heuristic approaches
that may change in the future and, as a consequence, produce different results for a
particular input expression.

Table 3-3. Summary of Selected SymPy Functions for Simplifying Expressions

Function Description

sympy.simplify Attempt various methods and approaches to obtain a simpler form of a
given expression.

sympy.trigsimp Attempt to simplify an expression using trigonometric identities.
sympy . powsimp Attempt to simplify an expression using laws of powers.
sympy .compsimp Simplify combinatorial expressions.

sympy.ratsimp Simplify an expression by writing on a common denominator.

Expand

When the black-box simplification provided by sympy.simplify does not produce
satisfying results, it is often possible to make progress by manually guiding SymPy

using more specific algebraic operations. An important tool in this process is to expand
expression in various ways. The function sympy.expand performs a variety of expansions,
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depending on the values of optional keyword arguments. By default the function
distributes products over additions, into a fully expanded expression. For example, a
product of the type (x+1)(x+2) can be expanded to x*+3x+2 using

In [78]: expr = (x + 1) * (x + 2)
In [79]: sympy.expand(expr)
Out[79]: x* + 3x + 2

Some of the available keyword arguments are mul=True for expanding products (as
in the preceding example), trig=True for trigonometric expansions,

In [80]: sympy.sin(x + y).expand(trig=True)
Out[80]: sin(x)cos(y) + sin(y)cos(x)

log=True for expanding logarithms,

In [81]: a, b = sympy.symbols("a, b", positive=True)
In [82]: sympy.log(a * b).expand(log=True)
Out[82]: log(a) + log(b)

complex=True for separating real and imaginary parts of an expression,

In [83]: sympy.exp(I*a + b).expand(complex=True)
Out[83]: ie® sin(a) + e® cos(a)

and power base=True and power exp=True for expanding the base and the exponent
of a power expression, respectively.

In [84]: sympy.expand((a * b)**x, power base=True)
Out[84]: ab”

In [85]: sympy.exp((a-b)*x).expand(power exp=True)
Out[85]: eiweibtx

Calling the sympy . expand function with these keyword arguments set to True is
equivalent to calling the more specific functions sympy.expand _mul, sympy.expand _
trig, sympy.expand_log, sympy.expand_complex, sympy.expand_power base, and
sympy.expand_power_exp, respectively, but an advantage of the sympy . expand function
is that several types of expansions can be performed in a single function call.
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Factor, Collect, and Combine

A common use pattern for the sympy.expand function is to expand an expression, let
SymPy cancel terms or factors, and then factor or combine the expression again. The
sympy . factor function attempts to factor an expression as far as possible and is in some
sense the opposite to sympy .expand with mul=True. It can be used to factor algebraic

expressions, such as

In [86]: sympy.factor(x**2 - 1)
ut[86]: (x - 1)(x + 1)
[87]:
[87]:

o

In [87]: sympy.factor(x * sympy.cos(y) + sympy.sin(z) * x)
Out[87]: x(sin(x) + cos(y))

The inverse of the other types of expansions in the previous section can be carried
out using sympy.trigsimp, sympy.powsimp, and sympy.logcombine, for example

In [90]: sympy.logcombine(sympy.log(a) - sympy.log(b))
Out[90]: log(%j

When working with mathematical expressions, it is often necessary to have fine-
grained control over factoring. The SymPy function sympy.collect factors terms that
contain a given symbol or list of symbols. For example, x+y+xyz cannot be completely
factorized, but we can partially factor terms containing x or y:

In [89]: expr = x +y + x ¥y *z
In [90]: expr.collect(x)

Out[90]: x(yz + 1) + y

In [91]: expr.collect(y)

Out[91]: x + y(xz + 1)

By passing a list of symbols or expressions to the sympy.collect function or to the
corresponding collect method, we can collect multiple symbols in one function call.
Also, when using the method collect, which returns the new expression, it is possible to
chain multiple method calls in the following way:
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In [93]: expr = sympy.cos(x + y) + sympy.sin(x - y)
In [94]: expr.expand(trig=True).collect([sympy.cos(x),
: sympy.sin(x)]).collect(sympy.
cos(y) - sympy.sin(y))
Out[95]: (sin(x) + cos(x))(-sin(y) + cos(y))

Apart, Together, and Cancel

The final type of mathematical simplification that we will consider here is the rewriting
of fractions. The functions sympy.apart and sympy.together, which, respectively,
rewrite a fraction as a partial fraction and combine partial fractions to a single fraction,
can be used in the following way:

In [95]: sympy.apart(1/(x**2 + 3*x + 2), x)

0u‘t[95]'-¢+L
T ox+2 x+1
In [96]: sympy.together(1 / (y * x +y) + 1 / (1+x))
y+1
In [97]: sympy.cancel(y / (y * x +y))
1
0Ut[97]-;::1

In the first example, we used sympy.apart to rewrite the expression (x*+3x+2)~! as

1 1
theparﬁalﬁacﬁon-————5+~——I,andwNeusedsympy.togethertoconﬂﬂnethesunlof
xX+2 x+

fractions 1/(yx+y)+1/(1+x) into an expression in the form of a single fraction. In this
example we also used the function sympy.cancel to cancel shared factors between
numerator and the denominator in the expression y/(yx+y).

Substitutions

The previous sections have been concerned with rewriting expressions using various
mathematical identities. Another frequently used form of manipulation of mathematical
expressions is substitutions of symbols or subexpressions within an expression. For
example, we may want to perform a variable substitution and replace the variable x with y or
replace a symbol with another expression. In SymPy there are two methods for carrying out
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substitutions: subs and replace. Usually subs is the most suitable alternative, but in some
cases replace provides a more powerful tool, which, for example, can make replacements
based on wildcard expressions (see docstring for sympy . Symbol.replace for details).

In the most basic use of subs, the method is called in an expression, and the symbol
or expression that is to be replaced (x) is given as the first argument, and the new symbol
or the expression (y) is given as the second argument. The result is that all occurrences of
xin the expression are replaced with y:

[98]: (x +y).subs(x, y)

Out[98]: 2y
[99]: sympy.sin(x * sympy.exp(x)).subs(x, y)
[99]: sin(yeY)

Instead of chaining multiple subs calls when multiple substitutions are required, we
can alternatively pass a dictionary as the first and only argument to subs that maps old
symbols or expressions to new symbols or expressions:

In [100]: sympy.sin(x * z).subs({z: sympy.exp(y), x: y, sympy.sin: sympy.cos})
Out[100]: cos(ye’)

A typical application of the subs method is to substitute numerical values in place
of symbols, for numerical evaluation (see the following section for more details).
A convenient way of doing this is to define a dictionary that translates the symbols to
numerical values and pass this dictionary as the argument to the subs method. For
example, consider

In [101]: expr = x * y + z¥*¥2 *x

In [102]: values = {x: 1.25, y: 0.4, z: 3.2}
In [103]: expr.subs(values)

Out[103]: 13.3
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Numerical Evaluation

Even when working with symbolic mathematics, it is almost invariably sooner or later
required to evaluate the symbolic expressions numerically, for example, when producing
plots or concrete numerical results. A SymPy expression can be evaluated using either
the sympy.N function or the evalf method of SymPy expression instances:

In [104]: sympy.N(1 + pi)

Out[104]: 4.14159265358979

In [205]: sympy.N(pi, 50)

Out[105]: 3.1415926535897932384626433832795028841971693993751
In [106]: (x + 1/pi).evalf(10)

Out[106]: x + 0.3183098862

Both sympy.N and the evalf method take an optional argument that specifies the
number of significant digits to which the expression is to be evaluated, as shown in the
previous example where SymPy’s multiprecision float capabilities were leveraged to
evaluate the value of 7 up to 50 digits.

When we need to evaluate an expression numerically for a range of input values, we
could in principle loop over the values and perform successive evalf calls, for example

In [114]: expr = sympy.sin(pi * x * sympy.exp(x))
In [115]: [expr.subs(x, xx).evalf(3) for xx in range(0, 10)]
Out[115]: [0,0.774,0.642,0.722,0.944,0.205,0.974,0.977,-0.870,-0.695]

However, this method is rather slow, and SymPy provides a more efficient method
for doing this operation using the function sympy.lambdify. This function takes a set of
free symbols and an expression as arguments and generates a function that efficiently
evaluates the numerical value of the expression. The produced function takes the same
number of arguments as the number of free symbols passed as the first argument to
sympy.lambdify.

In [109]: expr_func = sympy.lambdify(x, expr)
In [110]: expr func(1.0)
Out[110]: 0.773942685266709

Note that the function expr _func expects numerical (scalar) values as arguments,
so we cannot, for example, pass a symbol as an argument to this function; it is strictly
for numerical evaluation. The expr_func created in the previous example is a scalar
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function and is not directly compatible with vectorized input in the form of NumPy
arrays, as discussed in Chapter 2. However, SymPy is also able to generate functions that
are NumPy-array aware: by passing the optional argument 'numpy’ as the third argument
to sympy.lambdify SymPy creates a vectorized function that accepts NumPy arrays as
input. This is in general an efficient way to numerically evaluate symbolic expressions?
for a large number of input parameters. The following code exemplifies how the SymPy
expression expr is converted into a NumPy-array aware vectorized function that can be

efficiently evaluated:

In [111]: expr_func = sympy.lambdify(x, expr, "numpy")

In [112]: import numpy as np

In [113]: xvalues = np.arange(0, 10)

In [114]: expr_func(xvalues)

Out[114]: array([ o. , 0.77394269, 0.64198244, 0.72163867,
0.94361635,

0.20523391, 0.97398794, 0.97734066, -0.87034418,

-0.69512687])

This method for generating data from SymPy expressions is useful for plotting and
many other data-oriented applications.

Calculus

So far we have looked at how to represent mathematical expression in SymPy and
how to perform basic simplification and transformation of such expressions. With

this framework in place, we are now ready to explore symbolic calculus, or analysis,
which is a cornerstone in applied mathematics and has a great number of applications
throughout science and engineering. The central concept in calculus is the change of
functions as input variables are varied, as quantified with derivatives and differentials,
and accumulations of functions over ranges of input, as quantified by integrals. In this
section we look at how to compute derivatives and integrals of functions in SymPy.

2See also the ufuncity from the sympy.utilities.autowrap module and the theano function
from the sympy.printing.theanocode module. These provide similar functionality as sympy.
lambdify, but use different computational backends.
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Derivatives

The derivative of a function describes its rate of change at a given point. In SymPy we can
calculate the derivative of a function using sympy.diff or alternatively by using the diff
method of SymPy expression instances. The argument to these functions is a symbol,

or a number of symbols, with respect to which the function or the expression is to be
derived. To represent the first-order derivative of an abstract function f(x) with respect

to x, we can do

In [119]: f = sympy.Function('f"')(x)
In [120]: sympy.diff(f, x) # equivalent to f.diff(x)

d
Out[120]: —f(x
ut[120]: - f(x)
and to represent higher-order derivatives, all we need to do is to repeat the symbol x
in the argument list in the call to sympy.diff or, equivalently, specify an integer as an

argument following a symbol, which defines the number of times the expression should
be derived with respect to that symbol:

In [117]: sympy.diff(f, x, x)
d2
Out[117]: e f(x)
In [128]: sympy.diff(f, x, 3) # equivalent to sympy.diff(f, x, x, x)
3

d
& 1)

Out[118]:

This method is readily extended to multivariate functions:
In [119]: g = sympy.Function('g")(x, y)
In [120]: g.diff(x, y) # equivalent to sympy.diff(g, x, y)
2

Out[120f: ——
[120] 6x6yg(x'y)

In [121]: g.diff(x, 3, y, 2) # equivalent to sympy.diff(g, x, x, X, y, V)
5

0
Out[121]: Wg(x,y)
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These examples so far only involve formal derivatives of undefined functions.
Naturally, we can also evaluate the derivatives of defined functions and expressions,
which result in new expressions that correspond to the evaluated derivatives. For
example, using sympy .diff we can easily evaluate derivatives of arbitrary mathematical
expressions, such as polynomials:

In [122]: expr = x**4 + x**3 + x**2 + x + 1
In [123]: expr.diff(x)

Out[123]: 4x® + 3x* + 2x+1

In [124]: expr.diff(x, x)

Out[124]: 2(6x* + 3x + 1)

In [125]: expr = (x + 1)**3 * y *k 3 * (7 - 1)
In [126]: expr.diff(x, y, z)

Out[126]: 6y(x + 1)2

as well as trigonometric and other more complicated mathematical expressions:
In [127]: expr = sympy.sin(x * y) * sympy.cos(x / 2)
In [128]: expr.diff(x)
1
Out[128]: ycos(gjcos(xy) —Esin(g)sin(xy)

In [129]: expr = sympy.special.polynomials.hermite(x, 0)
In [130]: expr.diff(x).doit()

x x 1
2 \/;polygamma(o,—erz] . Zx\/;log(z)

ZF(—x+1) F(—x+1j
2 2 2 2

Derivatives are usually relatively easy to compute, and sympy.diff should be able to

Out[130]:

evaluate the derivative of most standard mathematical functions defined in SymPy.

Note that in these examples, calling sympy.diff on an expression directly results in
a new expression. If we rather want to symbolically represent the derivative of a definite
expression, we can create an instance of the class sympy.Derivative, passing the
expression as the first argument, followed by the symbols with respect to the derivative
that is to be computed:

In [131]: d = sympy.Derivative(sympy.exp(sympy.cos(x)), x)
In [132]: d
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Out[132]: iews(ﬂ
dx
This formal representation of a derivative can then be evaluated by calling the doit
method on the sympy.Derivative instance:

In [133]: d.doit()
Out[133]: -e<™ sin(x)

This pattern of delayed evaluation is reoccurring throughout SymPy, and full control
of when a formal expression is evaluated to a specific result is useful in many situations,
in particular with expressions that can be simplified or manipulated while represented
as a formal expression rather than after it has been evaluated.

Integrals

In SymPy, integrals are evaluated using the function sympy.integrate, and formal
integrals can be represented using sympy . Integral (which, as in the case with sympy.
Derivative, can be explicitly evaluated by calling the doit method). Integrals come

in two basic forms: definite and indefinite, where a definite integral has specified
integration limits and can be interpreted as an area or volume, while an indefinite
integral does not have integration limits and denotes the antiderivative (inverse of the
derivative of a function). SymPy handles both indefinite and definite integrals using the
sympy.integrate function.

If the sympy.integrate function is called with only an expression as an argument,
the indefinite integral is computed. On the other hand, a definite integral is computed
if the sympy . integrate function additionally is passed a tuple in the form (x, a, b),
where X is the integration variable and a and b are the integration limits. For a single-
variable function f(x), the indefinite and definite integrals are therefore computed using

In [235]: a, b, x, y = sympy.symbols("a, b, x, y")
...t f = sympy.Function("f")(x)

In [136]: sympy.integrate(f)

Out[136]: [ f(x)dx

In [137]: sympy.integrate(f, (x, a, b))

out[137]: [£(x)dx
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and when these methods are applied to explicit functions, the integrals are evaluated

accordingly:

In [138]: sympy.integrate(sympy.sin(x))

Out[138]: -cos(x)

In [139]: sympy.integrate(sympy.sin(x), (x, a, b))
Out[139]: cos(a) - cos(b)

Definite integrals can also include limits that extend from negative infinity, and/or to
positive infinite, using SymPy’s symbol for infinity oo:

In [139]: sympy.integrate(sympy.exp(-x**2), (x, 0, 00))
Out[139]::§£
In [140]: a, b, c = sympy.symbols("a, b, c", positive=True)

In [ ]: sympy.integrate(a * sympy.exp(-((x-b)/c)**2), (x, -o0o0, 00))

Out[1 \/_ac

Computing integrals symbolically is in general a difficult problem, and SymPy will
not be able to give symbolic results for any integral you can come up with. When SymPy
fails to evaluate an integral, an instance of sympy.Integral, representing the formal
integral, is returned instead.

In [ ]: sympy.integrate(sympy.sin(x * sympy.cos(x)))
Out[142]: [sin(x cos(x))dx

Multivariable expressions can also be integrated with sympy.integrate. In the case
of an indefinite integral of a multivariable expression, the integration variable has to be
specified explicitly:

In [140]: expr = sympy.sin(x*sympy.exp(y))
In [141]: sympy.integrate(expr, x)
Out[141]: -e”cos(xe’)

In [142]: expr = (X + y)**2
In [143]: sympy integrate(expr, x)

Out[143]: ?+x y+xy*
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By passing more than one symbol, or multiple tuples that contain symbols and their
integration limits, we can carry out multiple integrations:
In [144]: sympy.integrate(expr, x, Yy)
3

3 2,2
Out[144]: XY XV XV
3 2 3

In [145]: sympy.integrate(expr, (x, 0, 1), (y, 0, 1))
7
Out[145]: E

Series

Series expansions are an important tool in many disciplines in computing. With a series
expansion, an arbitrary function can be written as a polynomial, with coefficients given
by the derivatives of the function at the point around which the series expansion is
made. By truncating the series expansion at some order n, the nth order approximation
of the function is obtained. In SymPy, the series expansion of a function or an expression
can be computed using the function sympy.series or the series method available
in SymPy expression instances. The first argument to sympy.series is a function or
expression that is to be expanded, followed by a symbol with respect to which the
expansion is to be computed (it can be omitted for single-variable expressions and
function). In addition, it is also possible to request a particular point around which the
series expansions are to be performed (using the x0 keyword argument, with default
x0=0), specifying the order of the expansion (using the n keyword argument, with default
n=6) and specifying the direction from which the series is computed, i.e., from below or
above x0 (using the dir keyword argument, which defaults to dir="+").

For an undefined function f(x), the expansion up to sixth order around x0=0 is
computed using

In [147]: x, y = sympy.symbols("x, y")
In [148]: f = sympy.Function("f")(x)
In [149]: sympy.series(f, x)

d 2 d
FO)+xf(x), ,+ e f (%)
x" d (%)

x* d°
+— +— X
24 dx* H]%MJU

x* d?
_ +— 3
=0 6 dx

+(’)(x6)

/(%)

x=0

Out[149]:

x=0
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To change the point around which the function is expanded, we specify the x0
argument as in the following example:

In [147]: x0 = sympy.Symbol("{x 0}")
In [151]: f.series(x, x0, n=2)
da

Out[151]: f(x0)+(x—xo)Ef(§l)|5lxO+O((x—x0)2;x—>x0)

Here we also specified n=2, to request a series expansion with only terms up to
and including the second order. Note that the errors due to the truncated terms are
represented by the order object O(...). The order object is useful for keeping track of the
order of an expression when computing with series expansions, such as multiplying or
adding different expansions. However, for concrete numerical evolution, it is necessary
to remove the order term from the expression, which can be done using the method
removeO:

In [152]: f.series(x, x0, n=2).removeO()

d
out[152]: f(x,)+(x—x, )gf(él .,

1
While the expansions shown in the preceding text were computed for an unspecified
function f(x), we can naturally also compute the series expansions of specific functions
and expressions, and in those cases we obtain specific evaluated results. For example,
we can easily generate the well-known expansions of many standard mathematical
functions:
In [153]: sympy.cos(x).series()
2 4

Out[153]:1—51~+5;449(x6)
2 24

In [154]: sympy.sin(x).series()
3 5
out[154]: x-> 1+ 2 1 0(x%)

6 120
In [155]: sympy.exp(x).series()
2 3 x4 x5
Out[155]: 14+ x+=—+"—+—+=—+0(x°)
2 6 24 120

In [156]: (1/(1+x)).series()
Out[156]:1-x+x° —x3+x4—x5+(9(x6)
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as well as arbitrary expressions of symbols and functions, which in general can also be
multivariable functions:

In [157]: expr = sympy.cos(x) / (1 + sympy.sin(x * y))
In [158]: expr.series(x, n=4)

1 5y°
Out[158]: 1—xy+x2[y2—Ej+x3(—%+§]+o(’c4)

In [159]: expr.series(y, n=4)
5x°y’ cos(x)

0ut[159]: cos(x)-xycos(x)+x’y*cos(x)- .

+ (9( y! )

Limits

Another important tool in calculus is limits, which denotes the value of a function as
one of its dependent variables approaches a specific value or as the value of the variable

approaches negative or positive infinity. An example of a limit is one of the definitions of
the derivative:

dx h—0

While limits are more of a theoretical tool and do not have as many practical
applications as, say, series expansions, it is still useful to be able to compute limits using
SymPy. In SymPy, limits can be evaluated using the sympy.limit function, which takes
an expression, a symbol it depends on, as well as the value that the symbol approaches
in the limit. For example, to compute the limit of the function sin(x)/x, as the variable x
goes to zero, that is, lxiir(}sin(x) / x , we can use

In [161]: sympy.limit(sympy.sin(x) / x, x, 0)
Out[161]: 1

Here we obtained the well-known answer 1 for this limit. We can also use sympy.limit
to compute symbolic limits, which can be illustrated by computing derivatives using the
previous definition (although it is of course more efficient to use sympy.diff):

In [162]: f = sympy.Function('f")
: X, h = sympy.symbols("x, h")
In [163]: diff limit = (f(x + h) - f(x))/h
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In [164]: sympy.limit(diff limit.subs(f, sympy.cos), h, 0)
Out[164]: -sin(x)
In [165]: sympy.limit(diff 1limit.subs(f, sympy.sin), h, 0)
Out[165]: cos(x)

A more practical example of using limits is to find the asymptotic behavior as a
function, for example, as its dependent variable approaches infinity. As an example,
consider the function f{x) = (x* — 3x)/(2x — 2), and suppose we are interested in the large-
x dependence of this function. It will be in the form f(x) — px+q, and we can compute
p and g using sympy.limit as in the following:

In [166]: expr = (x**2 - 3*x) / (2*x - 2)
In [167]: p = sympy.limit(expr/x, x, sympy.oo)
In [168]: q = sympy.limit(expr - p*x, x, sympy.oo)
I:
]

In [169]: p, g
Out[169]: (l,—lj
2

Thus, the asymptotic behavior of f(x) as x becomes large is the linear function
fx) > x/2-1.

Sums and Products

Sums and products can be symbolically represented using the SymPy classes sympy.
Sum and sympy.Product. They both take an expression as their first argument, and as

a second argument, they take a tuple of the form (n, n1, n2), where nis a symbol
and n1 and n2 are the lower and upper limits for the symbol n, in the sum or product,
respectively. After sympy.Sum or sympy.Product objects have been created, they can be
evaluated using the doit method:

In [171]: n = sympy.symbols("n", integer=True)
In [172]: x = sympy.Sum(1/(n**2), (n, 1, 00))
In [173]: x
> 1
Out[173]: Z;
n=1
In [174]: x.doit()
2
out[174]:
6
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In [175]: x = sympy.Product(n, (n, 1, 7))
In [176]: x

7

Out[176]: [1n

n=1
In [177]: x.doit()
Out[177]: 5040

Note that the sum in the previous example was specified with an upper limit of
infinity. It is therefore clear that this sum was not evaluated by explicit summation, but
was rather computed analytically. SymPy can evaluate many summations of this type,
including when the summand contains symbolic variables other than the summation
index, such as in the following example:

In [178]: x = sympy.Symbol("x")

In [179]: sympy.Sum((x)**n/(sympy.factorial(n)), (n, 1, 00)).doit().
simplify()

Out[179]: e* - 1

Equations

Equation solving is a fundamental part of mathematics with applications in nearly every
branch of science and technology, and it is therefore immensely important. SymPy can
solve a wide variety of equations symbolically, although many equations cannot be
solved analytically even in principle. If an equation, or a system of equations, can be
solved analytically, there is a good chance that SymPy is able to find the solution. If not,
numerical methods might be the only option.

In its simplest form, equation solving involves a single equation with a single
unknown variable, and no additional parameters: for example, finding the value of x that
satisfies the second-degree polynomial equation x*+2x - 3 = 0. This equation is of course
easy to solve, even by hand, but in SymPy we can use the function sympy.solve to find
the solutions of x that satisfy this equation using

In [170]: x = sympy.Symbol("x")
In [171]: sympy.solve(x**2 + 2*x - 3)
Out[171]: [-3,1]

127



CHAPTER 3  SYMBOLIC COMPUTING

That s, the solutions are x=-3 and x=1. The argument to the sympy.solve function
is an expression that will be solved under the assumption that it equals zero. When this
expression contains more than one symbol, the variable that is to be solved for must be
given as a second argument. For example,

In [172]: a, b, c = sympy.symbols("a, b, c")
In [173]: sympy.solve(a * x**2 + b * x + ¢, x)
out[173];[;L(—b4~d—4ac+b2);—5L(b4fd—4ac+bz)}
a a

and in this case the resulting solutions are expressions that depend on the symbols
representing the parameters in the equation.

The sympy.solve function is also capable of solving other types of equations,
including trigonometric expressions:

In [174]: sympy.solve(sympy.sin(x) - sympy.cos(x), Xx)

3
Out[174]: {—‘Z‘{

and equations whose solution can be expressed in terms of special functions:
In [180]: sympy.solve(sympy.exp(x) + 2 * x, Xx)
Out[180]: [—LambertW(%ﬂ

However, when dealing with general equations, even for a univariate case, it is not
uncommon to encounter equations that are not solvable algebraically or which SymPy
is unable to solve. In these cases SymPy will return a formal solution, which can be
evaluated numerically if needed, or raise an error if no method is available for that
particular type of equation:

In [176]: sympy.solve(x**5 - x**2 + 1, x)

Out[176]: [RootOf(x® - x* + 1,0), RootOf(x® - x* + 1,1), RootOf(x* - x* + 1,2),
RootOf(x5 - x2 + 1,3), RootOf(x* - x2 + 1,4)]

In [177]: sympy.solve(sympy.tan(x) + X, x)

NotImplementedError Traceback (most recent call last)

NotImplementedError: multiple generators [x, tan(x)] No algorithms are
implemented to solve equation x + tan(x)
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Solving a system of equations for more than one unknown variable in SymPy is a
straightforward generalization of the procedure used for univariate equations. Instead of
passing a single expression as the first argument to sympy. solve, a list of expressions that
represents the system of equations is used, and in this case the second argument should
be a list of symbols to solve for. For example, the following two examples demonstrate
how to solve two systems that are linear and nonlinear equations in x and y, respectively:

In [178]: eq1 = x + 2 *y -1
..t €02 =X-Yy+1
In [179]: sympy.solve([eql, eq2], [x, y], dict=True)

Out[179]: [{xr—é,ytgﬂ

In [180]: eql = x**2 -y
ce.toeq2 = y¥*2 - x
In [181]: sols = sympy.solve([eql, eq2], [x, y], dict=True)
In [182]: sols
Out[182]:

2,

4 T2 2

2
- - 1-3i ;
x:&yﬂ),x:Lyﬂ.,x:—l+_£2y;_l__§£’ xf ) 1 3
2 2 2 2

Note that in both these examples, the function sympy.solve returns a list where each
element represents a solution to the equation system. The optional keyword argument
dict=True was also used, to request that each solution is returned in dictionary format,
which maps the symbols that have been solved for to their values. This dictionary can
conveniently be used in, for example, calls to subs, as in the following code that checks
that each solution indeed satisfies the two equations:

In [183]: [eql.subs(sol).simplify() == 0 and eq2.subs(sol).simplify() == 0
for sol in sols]
Out[183]: [True, True, True, True]
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Linear Algebra

Linear algebra is another fundamental branch of mathematics with important
applications throughout scientific and technical computing. It concerns vectors, vector
spaces, and linear mappings between vector spaces, which can be represented as
matrices. In SymPy we can represent vectors and matrices symbolically using the sympy.
Matrix class, whose elements can in turn be represented by numbers, symbols, or even
arbitrary symbolic expressions. To create a matrix with numerical entries, we can, as in
the case of NumPy arrays in Chapter 2, pass a Python list to sympy.Matrix:

In [184]: sympy.Matrix([1, 2])

1
Out[184]: [2}

In [185]: sympy.Matrix([[1, 2]])
out[185]: [1 2]
In [186]: sympy.Matrix([[1, 2], [3, 4]])

1 2
Out[186]:[3 4}

As this example demonstrates, a single list generates a column vector, while a
matrix requires a nested list of values. Note that unlike the multidimensional arrays
in NumPy discussed in Chapter 2, the sympy.Matrix object in SymPy is only for up to
two-dimensional arrays, i.e., vectors and matrices. Another way of creating new sympy.
Matrix objects is to pass as arguments the number of rows, the number of columns, and
a function that takes the row and column index as arguments and returns the value of
the corresponding element:

In [187]: sympy.Matrix(3, 4, lambda m, n: 10 * m + n)

o 1 2 3
Out[187]: 10 11 12 13
20 21 22 23
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The most powerful features of SymPy’s matrix objects, which distinguish it from,
for example, NumPy arrays, are of course that its elements themselves can be symbolic
expressions. For example, an arbitrary 2x2 matrix can be represented with a symbolic
variable for each of its elements:

In [188]: a, b, ¢, d = sympy.symbols("a, b, c, d")
In [189]: M = sympy.Matrix([[a, b], [c, d]])
In [190]: M
out[190]: [“ b}
c d

and such matrices can naturally also be used in computations, which then remains
parameterized with the symbolic values of the elements. The usual arithmetic operators
are implemented for matrix objects, but note that multiplication operator * in this case
denotes matrix multiplication:

In [191]: M * M
a’*+bc ab+bd

Out[191]: Lc+cd bc+d2}

In [192]: x = sympy.Matrix(sympy.symbols("x 1, x 2"))

In [194]: M * x

ux1+bx2}

Out[194]: Lx \ e
1 2

In addition to arithmetic operations, many standard linear algebra operations on
vectors and matrices are also implemented as SymPy functions and methods of the
sympy.Matrix class. Table 3-4 gives a summary of the frequently used linear algebra-
related functions (see the docstring for sympy .Matrix for a complete list), and SymPy
matrices can also be used in an element-oriented fashion using indexing and slicing
operations that closely resemble those discussed for NumPy arrays in Chapter 2.

As an example of a problem that can be solved with symbolic linear algebra using
SymPy, but which is not directly solvable with purely numerical approaches, consider
the following parameterized linear equation system:

xX+py=bhb,

qgx+y=b,,
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which we would like to solve for the unknown variables x and y. Here p, g, b,, and b, are
unspecified parameters. On matrix form, we can write these two equations as

o )

With purely numerical methods, we would have to choose particular values of the
parameters p and g before we could begin to solve this problem, for example, using an
LU factorization (or by computing the inverse) of the matrix on the left-hand side of
the equation. With a symbolic computing approach, on the other hand, we can directly
proceed with computing the solution, as if we carried out the calculation analytically
by hand. With SymPy, we can simply define symbols for the unknown variables and
parameters and set up the required matrix objects:

In [195]: p, q = sympy.symbols("p, q")
In [196]: M = sympy.Matrix([[1, p], [q, 1]])

In [203]: M
L p
Out[203].{q 1}
In [197]: b = sympy.Matrix(sympy.symbols("b 1, b 2"))
In [198]: b

Out[198]:[b, b,]

and then use, for example, the LUsolve method to solve the linear equation system:

In [199]: x = M.LUsolve(b)
In [200]: x
bl . p(_b1q+b2)
out[200]: pa+l
-b,q+b,
-pq+1

Alternatively, we could also directly compute the inverse of the matrix M and multiply
it with the vector b:

In [201]:

x = M.inv() * b
In [202]: x
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bl( pa +1)— b,p

out[202]:| \TPI+1 —pq+l
__ba b
-pg+1 —pg+1

Table 3-4. Selected Functions and Methods for Operating on SymPy Matrices

Function/Method  Description

transpose/T Compute the transpose of a matrix.

adjoint/H Compute the adjoint of a matrix.

trace Compute the trace (sum of diagonal elements) of a matrix.

det Compute the determinant of a matrix.

inv Compute the inverse of a matrix.

LUdecomposition Compute the LU decomposition of a matrix.

LUsolve Solve a linear system of equations in the form Mx = b, for the unknown
vector x, using LU factorization.

QORdecomposition Compute the QR decomposition of a matrix.

ORsolve Solve a linear system of equations in the form Mx = b, for the unknown
vector x, using QR factorization.

diagonalize Diagonalize a matrix M, such that it can be written in the form D= P-'MP,
where D is diagonal.

norm Compute the norm of a matrix.

nullspace Compute a set of vectors that span the null space of a Matrix.

rank Compute the rank of a matrix.

singular_values

solve

Compute the singular values of a matrix.

Solve a linear system of equations in the form Mx = b.
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However, computing the inverse of a matrix is more difficult than performing the
LU factorization, so if solving the equation Mx = b is the objective, as it was here, then
using LU factorization is more efficient. This becomes particularly noticeable for larger
equation systems. With both methods considered here, we obtain a symbolic expression
for the solution that is trivial to evaluate for any parameter values, without having to
recompute the solution. This is the strength of symbolic computing and an example of
how it sometimes can excel over direct numerical computing. The example considered
here could of course also be solved easily by hand, but as the number of equations
and unspecified parameters grow, analytical treatment by hand quickly becomes
prohibitively lengthy and tedious. With the help of a computer algebra system such as
SymPy, we can push the limits of which problems that can be treated analytically.

Summary

This chapter introduced computer-assisted symbolic computing using Python and the
SymPy library. Although analytical and numerical techniques are often considered
separately, it is a fact that analytical methods underpin everything in computing and
are essential in developing algorithms and numerical methods. Whether analytical
mathematics is carried by hand or using a computer algebra system such as SymPy, it is
an essential tool for computational work. The approach that I would like to encourage is
therefore the following: Analytical and numerical methods are closely intertwined, and
itis often worthwhile to start analyzing a computational problem with analytical and
symbolic methods. When such methods turn out to be unfeasible, it is time to resort to
numerical methods. However, by directly applying numerical methods to a problem,
before analyzing it analytically, it is likely that one ends up solving a more difficult
computational problem than is really necessary.

Further Reading

For a quick and short introduction to SymPy, see, for example, Lamy (2013). The official
SymPy documentation also provides a great tutorial for getting started with SymPy,
which is available at http://docs.sympy.org/latest/tutorial/index.html.

Reference

Lamy, R. (2013). Instant SymPy Starter. Mumbai: Packt.
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CHAPTER 4

Plotting and Visualization

Visualization is a universal tool for investigating and communicating results of
computational studies, and it is hardly an exaggeration to say that the end product of
nearly all computations - be it numeric or symbolic - is a plot or a graph of some sort.
Itis when visualized in graphical form that knowledge and insights can be most easily
gained from computational results. Visualization is therefore a tremendously important
part of the workflow in all fields of computational studies.

In the scientific computing environment for Python, there are a number of high-
quality visualization libraries. The most popular general-purpose visualization library
is Matplotlib, which mainly focuses on generating static publication-quality 2D and
3D graphs. Many other libraries focus on niche areas of visualization. A few prominent
examples are Bokeh (http://bokeh.pydata.org) and Plotly (http://plot.1ly), which
both primarily focus on interactivity and web connectivity, Seaborn (http://stanford.
edu/~mwaskom/software/seaborn) which is a high-level plotting library which targets
statistical data analysis and which is based on the Matplotlib library, and the Mayavi
library (http://docs.enthought.com/mayavi/mayavi) for high-quality 3D visualization,
which uses the venerable VTK software (http://www.vtk.org) for heavy-duty scientific
visualization. It is also worth noting that other VTK-based visualization software, such as
ParaView (www.paraview.org), is scriptable with Python and can also be controlled from
Python applications. In the 3D visualization space, there are also more recent players,
such as VisPy (http://vispy.org), which is an OpenGL-based 2D and 3D visualization
library with great interactivity and connectivity with browser-based environments, such
as the Jupyter Notebook.

The visualization landscape in the scientific computing environment for Python is
vibrant and diverse, and it provides ample options for various visualization needs. In
this chapter we focus on exploring traditional scientific visualization in Python using
the Matplotlib library. With traditional visualization, I mean plots and figures that are
commonly used to visualize results and data in scientific and technical disciplines, such
as line plots, bar plots, contour plots, colormap plots, and 3D surface plots.
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Matplotlib Matplotlib is a Python library for publication-quality 2D and 3D
graphics, with support for a variety of different output formats. At the time of
writing, the latest version is 2.2.2. More information about Matplotlib is available
at the project’s web site www.matplotlib.oxrg. This web site contains detailed
documentation and an extensive gallery that showcases the various types of
graphs that can be generated using the Matplotlib library, together with the code
for each example. This gallery is a great source of inspiration for visualization
ideas, and | highly recommend exploring Matplotlib by browsing this gallery.

There are two common approaches to creating scientific visualizations: using
a graphical user interface to manually build up graphs and using a programmatic
approach where the graphs are created with code. Both approaches have their
advantages and disadvantages. In this chapter we will take the programmatic approach,
and we will explore how to use the Matplotlib API to create graphs and control every
aspect of their appearance. The programmatic approach is a particularly suitable
method for creating graphics for scientific and technical applications and in particular
for creating publication-quality figures. An important part of the motivation for this
is that programmatically created graphics can guarantee consistency across multiple
figures, can be made reproducible, and can easily be revised and adjusted without
having to redo potentially lengthy and tedious procedures in a graphical user interface.

Importing Modules

Unlike most Python libraries, Matplotlib actually provides multiple entry points into the
library, with different application programming interfaces (APIs). Specifically, it provides
a stateful API and an object-oriented API, both provided by the module matplotlib.
pyplot.Istrongly recommend to only use the object-oriented approach, and the
remainder of this chapter will solely focus on this part of Matplotlib.!

'Although the stateful API may be convenient and simple for small examples, the readability and
maintainability of code written for stateful APIs scale poorly, and the context-dependent nature
of such code makes it hard to rearrange or reuse. I therefore recommend to avoid it altogether
and to only use the object-oriented API.
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To use the object-oriented Matplotlib API, we first need to import its Python
modules. In the following we will assume that Matplotlib is imported using the following
standard convention:

In [1]: %matplotlib inline

In [2]: import matplotlib as mpl

In [3]: import matplotlib.pyplot as plt

In [4]: from mpl toolkits.mplot3d.axes3d import Axes3D

The first line is assuming that we are working in an IPython environment and more
specifically in the Jupyter Notebook or the IPython QtConsole. The IPython magic
command %matplotlib inline configures the Matplotlib to use the “inline” backend,
which results in the created figures being displayed directly in, for example, the Jupyter
Notebook, rather than in a new window. The statement import matplotlib as mpl
imports the main Matplotlib module, and the import statement import matplotlib.
pyplot as plt, is for convenient access to the submodule matplotlib.pyplot that
provides the functions that we will use to create new Figure instances.

Throughout this chapter we also make frequent use of the NumPy library, and as in
Chapter 2, we assume that NumPy is imported using

In [5]: import numpy as np
and we also use the SymPy library, imported as:

In [6]: import sympy

Getting Started

Before we delve deeper into the details of how to create graphics with Matplotlib, we
begin here with a quick example of how to create a simple but typical graph. We also
cover some of the fundamental principles of the Matplotlib library, to build up an
understanding for how graphics can be produced with the library.

A graph in Matplotlib is structured in terms of a Figure instance and one or more
Axes instances within the figure. The Figure instance provides a canvas area for drawing,
and the Axes instances provide coordinate systems that are assigned to fixed regions of
the total figure canvas; see Figure 4-1.
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(0,1) (1,1)
Figure
Axes
(0.15, 0.15)
(0,0) (1,0)

Figure 4-1. Illustration of the arrangement of a Matplotlib Figure instance and
an Axes instance. The Axes instance provides a coordinate system for plotting, and
the Axes instance itself is assigned to a region within the figure canvas. The figure
canvas has a simple coordinate system where (0, 0) is the lower-left corner and
(1,1) is the upper-right corner. This coordinate system is only used when placing
elements, such as an Axes, directly on the figure canvas.

A Figure can contain multiple Axes instances, for example, to show multiple panels
in a figure or to show insets within another Axes instance. An Axes instance can manually
be assigned to an arbitrary region of a figure canvas, or, alternatively, Axes instances can
be automatically added to a figure canvas using one of several layout managers provided
by Matplotlib. The Axes instance provides a coordinate system that can be used to plot
data in a variety of plot styles, including line graphs, scatter plots, bar plots, and many
other styles. In addition, the Axes instance also determines how the coordinate axes are
displayed, for example, with respect to the axis labels, ticks and tick labels, and so on.

In fact, when working with Matplotlib’s object-oriented API, most functions that are
needed to tune the appearance of a graph are methods of the Axes class.

As a simple example for getting started with Matplotlib, say that we would like to
graph the function y(x) = x*+5x+10, together with its first and second derivatives, over
the range x € [—5, 2]. To do this we first create NumPy arrays for the x range and then
compute the three functions we want to graph. When the data for the graph is prepared,
we need to create Matplotlib Figure and Axes instances, then use the plot method of the
Axes instance to plot the data, and set basic graph properties such as x and y axis labels,
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using the set_xlabel and set_ylabel methods and generating a legend using the
legend method. These steps are carried out in the following code, and the resulting
graph is shown in Figure 4-2.

In [7]: x = np.linspace(-5, 2, 100)
Dyl = xX*F3 4 5Fx*¥*2 + 10
Dy2 = 3RxFF2 4+ 10%*x
.. y3 = 6%x + 10

..: fig, ax = plt.subplots()
..t ax.plot(x, y1, color="blue", label="y(x)")
: ax.plot(x, y2, color="red", label="y'(x)")
: ax.plot(x, y3, color="green", label="y”(x)")
: ax.set xlabel("x")
: ax.set_ylabel("y")
: ax.legend()

x

40 A

30 A

20 A

—-10 41

—=20 1

Figure 4-2. Example of a simple graph created with Matplotlib

Here we used the plt.subplots function to generate Figure and Axes instances.
This function can be used to create grids of Axes instances within a newly created Figure
instance, but here it was merely used as a convenient way of creating a Figure and an
Axes instance in one function call. Once the Axes instance is available, note that all
the remaining steps involve calling methods of this Axes instance. To create the actual
graphs, we use ax.plot, which takes as first and second arguments NumPy arrays with
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numerical data for the x and y values of the graph, and it draws a line connecting these
data points. We also used the optional color and label keyword arguments to specify
the color of each line and assign a text label to each line that is used in the legend. These
few lines of code are enough to generate the graph we set out to produce, but as a bare
minimum, we should also set labels on the x and y axes and if suitable add a legend for
the curves we have plotted. The axis labels are set with ax.set xlabel and ax.set_
ylabel methods, which takes as argument a text string with the corresponding label. The
legend is added using the ax. legend method, which does not require any arguments in
this case since we used the label keyword argument when plotting the curves.

These are the typical steps required to create a graph using Matplotlib. While
this graph, Figure 4-2, is complete and fully functional, there is certainly room for
improvements in many aspects of its appearance. For example, to meet publication or
production standards, we may need to change the font and the fontsize of the axis labels,
the tick labels, and the legend, and we should probably move the legend to a part of the
graph where it does not interfere with the curves we are plotting. We might even want
to change the number of axis ticks and label and add annotations and additional help
lines to emphasize certain aspects of the graph and so on. With a few changes along
these lines, the figure may, for example, appear like in Figure 4-3, which is considerably
more presentable. In the remainder of this chapter, we look at how to fully control the
appearance of the graphics produced using Matplotlib.

30

20 1

10

—-10 1

Figure 4-3. Revised version of Figure 4-2

140



CHAPTER 4  PLOTTING AND VISUALIZATION

Interactive and Noninteractive Modes

The Matplotlib library is designed to work well with many different environments and
platforms. As such, the library does not only contain routines for generating graphs, but
it also contains support for displaying graphs in different graphical environments. To
this end, Matplotlib provides backends for generating graphics in different formats (e.g.,
PNG, PDE, Postscript, and SVG) and for displaying graphics in a graphical user interface
using a variety of different widget toolkits (e.g., Qt, GTK, wxWidgets, and Cocoa for Mac
0OS X) that are suitable for different platforms.

Which backend to use can be selected in that Matplotlib resource file,* or using the
function mpl.use, which must be called right after importing matplotlib, before importing
thematplotlib.pyplot module. For example, to select the Qt4Agg backend, we can use

import matplotlib as mpl
mpl.use('qt4agg")
import matplotlib.pyplot as plt

[ oK ] [ Figure 1

20O ++ BE Y

— yx
— y'(x)

Figure 4-4. A screenshot of the Matplotlib graphical user interface for displaying
figures, using the Qt4 backend on Mac OS X. The detailed appearance varies across
platforms and backends, but the basic functionality is the same.

>The Matplotlib resource file, matplotlibrc, can be used to set default values of many Matplotlib
parameters, including which backend to use. The location of the file is platform dependent. For
details, see http://matplotlib.org/users/customizing.html.
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The graphical user interface for displaying Matplotlib figures, as shown in Figure 4-4,
is useful for interactive use with Python script files or the IPython console, and it allows
to interactively explore figures, for example, by zooming and panning. When using
an interactive backend, which displays the figure in a graphical user interface, it is
necessary to call the function plt.show to get the window to appear on the screen.

By default, the pl1t.show call will hang until the window is closed. For a more interactive
experience, we can activate interactive mode by calling the function plt.ion. This
instructs Matplotlib to take over the GUI event loop and show a window for a figure as
soon as it is created, returning the control flow to the Python or IPython interpreter. To
have the changes to a figure take effect, we need to issue a redraw command using the
function plt.draw. We can deactivate the interactive mode using the function plt.ioff,
and we can use the functionmpl.is interactive to check if Matplotlib is in interactive
or noninteractive mode.

While the interactive graphical user interfaces have unique advantages, when
working the Jupyter Notebook or Qtconsole, it is often more convenient to display
Matplotlib-produced graphics embedded directly in the notebook. This behavior is
activated using the IPython command %matplotlib inline, which activates the “inline
backend” provided by IPython. This configures Matplotlib to use a noninteractive
backend to generate graphics images, which are then displayed as static images in, for
example, the Jupyter Notebook. The IPython “inline backend” for Matplotlib can be
fine-tuned using the IPython %config command. For example, we can select the output
format for the generated graphics using the InlineBackend.figure_ format option,?
which, for example, we can set to ‘svg’ to generate SVG graphics rather than PNG files:

In [8]: %matplotlib inline
In [9]: %config InlineBackend.figure format="svg'

With this approach the interactive aspect of the graphical user interface is lost
(e.g., zooming and panning), but embedding the graphics directly in the notebook has
many other advantages. For example, keeping the code that was used to generate a
figure together with the resulting figure in the same document eliminates the need for
rerunning the code to display a figure, and interactive nature of the Jupyter Notebook
itself replaces some of the interactivity of Matplotlib’s graphical user interface.

SFor Max OS X users, %config InlineBackend.figure format='retina'is another useful
option, which improves the quality of the Matplotlib graphics when viewed on retina displays.
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When using the IPython inline backend, it is not necessary to use plt.show and plt.
draw, since the IPython rich display system is responsible for triggering the rendering
and the displaying of the figures. In this book, I will assume that code examples are
executed in the Jupyter Notebooks, and the calls to the function plt.show are therefore
not in the code examples. When using an interactive backend, it is necessary to add this
function call at the end of each example.

Figure

As introduced in the previous section, the Figure object is used in Matplotlib to
represent a graph. In addition to providing a canvas on which, for example, Axes
instances can be placed, the Figure object also provides methods for performing actions
on figures, and it has several attributes that can be used to configure the properties of a
figure.

A Figure object can be created using the function plt.figure, which takes several
optional keyword arguments for setting figure properties. In particular, it accepts the
figsize keyword argument, which should be assigned to a tuple on the form (width,
height), specifying the width and height of the figure canvas in inches. It can also
be useful to specify the color of the figure canvas by setting the facecolor keyword
argument.

Once a Figure is created, we can use the add_axes method to create a new
Axes instance and assign it to a region on the figure canvas. The add_axes takes one
mandatory argument: a list containing the coordinates of the lower-left corner and
the width and height of the Axes in the figure canvas coordinate system, on the format
(left, bottom, width, height).* The coordinates and the width and height of the
Axes object are expressed as fractions of total canvas width and height; see Figure 4-1.
For example, an Axes object that completely fills the canvas corresponds to (0, 0, 1, 1),
but this leaves no space for axis labels and ticks. A more practical size could be (0.1,
0.1, 0.8, 0.8), which corresponds to a centered Axes instance that covers 80% of the
width and height of the canvas. The add_axes method takes a large number of keyword
arguments for setting properties of the new Axes instance. These will be described in
more detail later in this chapter, when we discuss the Axes object in depth. However,

*An alternative to passing a coordinate and size tuple to add_axes is to pass an already existing
Axes instance.
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one keyword argument that is worth to emphasize here is facecolor, with which we can
assign a background color for the Axes object. Together with the facecolor argument of
plt.figure, this allows selecting colors of both the canvas and the regions covered by
Axes instances.

With the Figure and Axes objects obtained from plt.figure and fig.add_axes,
we have the necessary preparations to start plotting data using the methods of the Axes
objects. For more details on this, see the next section of this chapter. However, once the
required plots have been created, there are more methods in the Figure objects that are
important in the graph creation workflow. For example, to set an overall figure title, we
can use suptitle, which takes a string with the title as argument. To save a figure to a
file, we can use the savefig method. This method takes a string with the output filename
as first argument, as well as several optional keyword arguments. By default, the output
file format will be determined from the file extension of the filename argument, but we
can also specify the format explicitly using the format argument. The available output
formats depend on which Matplotlib backend is used, but commonly available options
are PNG, PDE, EPS, and SVG formats. The resolution of the generated image can be
set with the dpi argument. DPI stands for “dots per inch,” and since the figure size is
specified in inches using the figsize argument, multiplying these numbers gives the
output image size in pixels. For example, with figsize=(8, 6) and dpi=100, the size of
the generated image is 800x600 pixels. The savefig method also takes some arguments
that are similar to those of the plt.figure function, such as the facecolor argument.
Note that even though the facecolor argument is used with plt.figure, it also needs
to be specified with savefig for it to apply to the generated image file. Finally, the
figure canvas can also be made transparent using the transparent=True argument to
savefig. The following code listing illustrates these techniques, and the result is shown
in Figure 4-5.

In [10]: fig = plt.figure(figsize=(8, 2.5), facecolor="#f1f1f1")
: # axes coordinates as fractions of the canvas width and height
: left, bottom, width, height = 0.1, 0.1, 0.8, 0.8

: ax = fig.add axes((left, bottom, width, height),
facecolor="#elele1")

: x = np.linspace(-2, 2, 1000)
: yl = np.cos(40 * x)
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1 y2 = np.exp(-x**2)

: ax.plot(x, y1 * y2)
¢ ax.plot(x, y2, 'g")
1 ax.plot(x, -y2, 'g'")
: ax.set xlabel("x")

: ax.set_ylabel("y")

..: fig.savefig("graph.png", dpi=100, facecolor="#f1f1f1")

Figure 4-5. Graph showing the result of setting the size of a figure with figsize,
adding a new Axes instance with add_axes, setting the background colors of the
Figure and Axes objects using facecolor, and finally saving the figure to file using
savefig

Axes

The Figure object introduced in the previous section provides the backbone of a
Matplotlib graph, but all the interesting content is organized within or around Axes
instances. We have already encountered Axes objects on a few occasions earlier in this
chapter. The Axes object is central to most plotting activities with the Matplotlib library.
It provides the coordinate system in which we can plot data and mathematical functions,
and in addition it contains the axis objects that determine where the axis labels and the
axis ticks are placed. The functions for drawing different types of plots are also methods
of this Axes class. In this section we first explore different types of plots that can be drawn
using Axes methods and how to customize the appearance of the x and y axes and the
coordinate systems used with an Axes object.
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We have seen how new Axes instances can be added to a figure explicitly using the
add_axes method. This is a flexible and powerful method for placing Axes objects at
arbitrary positions, which has several important applications, as we will see later in
the chapter. However, for most common use-cases, it is tedious to specify explicitly the
coordinates of the Axes instances within the figure canvas. This is especially true when
using multiple panels of Axes instances within a figure, for example, in a grid layout.
Matplotlib provides several different Axes layout managers, which create and place
Axes instances within a figure canvas following different strategies. Later in this chapter,
we look into more detail of how to use such layout managers. However, to facilitate the
forthcoming examples, we here briefly look at one of these layout managers: the plt.
subplots function. Earlier in this chapter, we already used this function to conveniently
generate new Figure and Axes objects in one function call. However, the plt.subplots
function is also capable of filling a figure with a grid of Axes instances, which is specified
using the first and the second arguments, or alternatively with the nrows and ncols
arguments, which, as the names imply, create a grid of Axes objects, with the given
number of rows and columns. For example, to generate a grid of Axes instances in a

newly created Figure object, with three rows and two columns, we can use
fig, axes = plt.subplots(nrows=3, ncols=2)

Here, the function plt.subplots returns a tuple (fig, axes), where figisa Figure
instance and axes is a NumPy array of size (nrows, ncols), in which each element is an
Axes instance that has been appropriately placed in the corresponding figure canvas. At
this point we can also specify that columns and/or rows should share x and y axes, using
the sharex and sharey arguments, which can be set to True or False.

The plt.subplots function also takes two special keyword arguments fig_kw and
subplot_kw, which are dictionaries with keyword arguments that are used when creating
the Figure and Axes instances, respectively. This allows us to set and retain full control
of the properties of the Figure and Axes objects with plt.subplots in a similar way as
when directly using plt.figure and the make_axes method.

Plot Types

Effective scientific and technical visualization of data requires a wide variety of graphing
techniques. Matplotlib implements many types of plotting techniques as methods of
the Axes object. For example, in the previous examples, we have already used the plot
method, which draws curves in the coordinate system provided by the Axes object.
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In the following sections, we explore some of Matplotlib’s plotting functions in more
depth by using these functions in example graphs. A summary of commonly used 2D
plot functions is shown in Figure 4-6. Other types of graphs, such as color maps and 3D
graphs, are discussed later in this chapter. All plotting functions in Matplotlib expect data
as NumPy arrays as input, typically as arrays with x and y coordinates as the first and
second arguments. For details, see the docstrings for each method shown in Figure 4-6,
using, for example, help(plt.Axes.bar).

Axes.plot Axes.step Axes.bar Axes.hist

=

Axes.errorbar Axes.scatter Axes.fill_between Axes.quiver
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Figure 4-6. Overview of selected 2D graph types. The name of the Axes method for
generating each type of graph is shown together with the corresponding graph.

Line Properties

The most basic type of plot is the simple line plot. It may, for example, be used to depict
the graph of a univariate function or to plot data as a function of a control variable.

In line plots, we frequently need to configure properties of the lines in the graph,

for example, the line width, line color, and line style (solid, dashed, dotted, etc.). In
Matplotlib we set these properties with keyword arguments to the plot methods, such

as plot, step, and bar. A few of these graph types are shown in Figure 4-6. Many of the
plot methods have their own specific arguments, but basic properties such as colors
and line width are shared among most plotting methods. These basic properties and the
corresponding keyword arguments are summarized in Table 4-1.
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Table 4-1. Basic Line Properties and Their Corresponding Argument Names for
Use with the Matplotlib Plotting Methods

Argument Example Values Description
color A color specification can be a A color specification.
string with a color name, such as
“red,” “blue,” etc., or a RGB color
code on the form “#aabbcc.”
alpha Float number between 0.0 The amount of transparency.

linewidth, 1w

linestyle, 1s

marker

markersize

markerfacecolor

markeredgewidth

markeredgecolor

(completely transparent) and 1.0

(completely opaque).
Float number.

“-” —solid

“--” — dashed

“.” — dotted

“.-” — dash-dotted

+, 0, * = cross, circle, star

§ = square

.= small dot

1,2,3,4,... = triangle-shaped
symbols with different angles.

Float number.

Color specification (see in the
preceding text).

Float number.

Color specification (see above).

The width of a line.

The style of the line, i.e., whether the
line is to be drawn as a solid line or
if it should be, for example, dotted or
dashed.

Each data point, whether or not it

is connected with adjacent data
points, can be represented with a
marker symbol as specified with this
argument.

The marker size.

The fill color for the marker.

The line width of the marker edge.

The marker edge color.

To illustrate the use of these properties and arguments, consider the following code,

which draws horizontal lines with various values of the line width, line style, marker

symbol, color, and size. The resulting graph is shown in Figure 4-7.
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X
1

np.linspace(-5, 5, 5)
np.ones_like(x)

: def axes_settings(fig, ax, title, ymax):

ax.set xticks([])
ax.set_yticks([])
ax.set_ylim(0, ymax+1)
ax.set_title(title)

: fig, axes = plt.subplots(1, 4, figsize=(16,3))

: # Line width
: linewidths = [0.5, 1.0, 2.0, 4.0]
: for n, linewidth in enumerate(linewidths):

axes[0].plot(x, y + n, color="blue", linewidth=1linewidth)

: axes_settings(fig, axes[0], "linewidth", len(linewidths))

... # Line style

: linestyles = ['-", "-.", ":']
: for n, linestyle in enumerate(linestyles):

axes[1].plot(x, y + n, color="blue", lw=2, linestyle=linestyle)

... # custom dash style

: line, = axes[1].plot(x, y + 3, color="blue", lw=2)
: lengthi, gap1, length2, gap2 = 10, 7, 20, 7

..: line.set dashes([length1, gap1, length2, gap2])

: axes_settings(fig, axes[1], "linetypes", len(linestyles) + 1)
: # marker types

: markeIS= [l+l’ IOI) l*l’ ISI’ I.l’ '1" I2|) |3l’ I4I]

: for n, marker in enumerate(markers):

# 1w = shorthand for linewidth, ls = shorthand for linestyle
axes[2].plot(x, y + n, color="blue", lw=2, ls="*',
marker=marker)

: axes_settings(fig, axes[2], "markers", len(markers))
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: # marker size and color
: markersizecolors = [(4, "white"), (8, "red"), (12, "yellow"),
(16, "lightgreen")]
: for n, (markersize, markerfacecolor) in enumerate
(markersizecolors):
axes[3].plot(x, y + n, color="blue", lw=1, 1ls='-"',
marker="o', markersize=markersize,
markerfacecolor=markerfacecolor,
markeredgewidth=2)
: axes_settings(fig, axes[3], "marker size/color", len
(markersizecolors))

linewidth linetypes markers marker size/color

——e———| - < < <||le—e0—e—0-o
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ . . . Jlooo oo
Do

o—0—o0 00

+ e * m o
+ @ * m o
+ e * m
+ e * m
+ e * m

Figure 4-7. Graphs showing the result of setting the line properties line width, line
style, marker type and marker size, and color

In practice, using different colors, line widths and line styles are important tools for
making a graph easily readable. In a graph with a large number of lines, we can use a
combination of colors and line style to make each line uniquely identifiable, for example,
via a legend. The line width property is best used to give emphasis to important lines.
Consider the following example, where the function sin(x) is plotted together with its
first few series expansions around x = 0, as shown in Figure 4-8.

In [12]: # a symbolic variable for x, and a numerical array with specific
values of x
: sym x = sympy.Symbol("x")
: X = np.linspace(-2 * np.pi, 2 * np.pi, 100)

: def sin_expansion(x, n):
mmon

Evaluate the nth order Taylor. series expansion
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of sin(x) for the numerical values in the array x.
return sympy.lambdify(sym x, sympy.sin(sym x).series(n=n+1).
removeO(), 'numpy")(x)

: fig, ax = plt.subplots()
: ax.plot(x, np.sin(x), linewidth=4, color="red", label="exact')

: colors = ["blue", "black"]
: linestyles = [':', "-.", '--"]
: for idx, n in enumerate(range(1, 12, 2)):
ax.plot(x, sin_expansion(x, n), color=colors[idx // 3],
linestyle=linestyles[idx % 3], linewidth=3,
label="order %d approx." % (n+1))

ax.set_ylim(-1.1, 1.1)
: ax.set xlim(-1.5*np.pi, 1.5*np.pi)

: # place a legend outsize of the Axes

: ax.legend(bbox_to anchor=(1.02, 1), loc=2, borderaxespad=0.0)
: # make room for the legend to the right of the Axes

: fig.subplots adjust(right=.75)

— 5in(x)
== 0O(2) approx.
w—= (O(4) approx.
== = 0O(6) approx.
== O(8) approx.
= O(10) approx.
== = O(12) approx.

1.00 1

0.75 1

0.50

0.25 1

0.00 4

—0.25 1

—0.50 1

—0.75 1

—1.00 1

Figure 4-8. Graph for sin(x) together with its Taylor series approximation of the
Sfew lowest orders
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Legends

A graph with multiple lines may often benefit from a legend, which displays a label along
each line type somewhere within the figure. As we have seen in the previous example,
alegend may be added to an Axes instance in a Matplotlib figure using the legend
method. Only lines with assigned labels are included in the legend (to assign a label to
aline, use the label argument of, for example, Axes.plot). The legend method accepts
a large number of optional arguments. See help(plt.legend) for details. Here we
emphasize a few of the more useful arguments. In the example in the previous section,
we used the loc argument, which allows to specify where in the Axes area the legend

is to be added: 1loc=1 for upper-right corner, loc=2 for upper-left corner, loc=3 for the
lower-left corner, and loc=4 for lower-right corner, as shown in Figure 4-9.

legend(loc=1) legend(loc=2) legend(loc=3) legend(loc=4)
— y(x) =x — y(x) =x
— y(x) =x+ x#2 — y(x) =x+ x¥2

1.0+

4 osfp

— y(x)=x
— y(x) =x+ x¥*2

L L L L 0 n L L L 0 T T L L o. L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4-9. Legend at different positions within an Axes instance, specified using
the loc argument of the method legend

In the example of the previous section, we also used the bbox_to_anchor, with which
help the legend can be placed at an arbitrary location within the figure canvas. The
bbox_to_anchor argument takes the value of a tuple on the form (x, y), where x and y
are the canvas coordinates within the Axes object. That is, the point (0, 0) corresponds
to the lower-left corner, and (1, 1) corresponds to the upper-right corner. Note that x
and y can be smaller than 0 and larger than 1 in this case, which indicates that the legend
is to be placed outside the Axes area, as was used in the previous section.

By default all lines in the legend are shown in a vertical arrangement. Using the
ncols argument, it is possible to split the legend labels into multiple columns, as
illustrated in Figure 4-10.
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— y(x) = 1*x — y(x) = 3*%x — y(x) = 5*%x — y(x) = 7*x
— y(x) = 2*x — y(x) = 4*%x y(x) = 6*x — y(x) = 8*x

N B O o
LI —

OF
-2
-4
—6}

-8 L L L
-1.0 -0.5 0.0 0.5 1.0

Figure 4-10. Legend displayed outside the Axes object and shown with four
columns instead of the single one, here using ax.legend(ncol=4, loc=3, bbox_
to_anchor=(0, 1))

Text Formatting and Annotations

Text labels, titles, and annotations are important components in most graphs, and
having full control of, for example, the font types and fontsizes that are used to render
such texts is a basic requirement for producing publication-quality graphs. Matplotlib
provides several ways of configuring font properties. The default values can be set in the
Matplotlib resource file, and session-wide configuration can be set in the mpl.rcParams
dictionary. This dictionary is a cache of the Matplotlib resource file, and changes to
parameters within this dictionary are valid until the Python interpreter is restarted

and Matplotlib is imported again. Parameters that are relevant to how text is displayed
include, for example, 'font.family' and 'font.size".

Tip Try print(mpl.rcParams) to get a list of possible configuration
parameters and their current values. Updating a parameter is as simple as
assigning a new value to the corresponding item in the dictionary mpl.rcParams,
for example, mpl.rcParams| ‘savefig.dpi’] = 100. See also the mpl.xc
function, which can be used to update the mpl.rcParams dictionary, and
mpl.rcdefaults for restoring the default values.

It is also possible to set text properties on a case-to-case basis, by passing a set
of standard keyword arguments to functions that create text labels in a graph. Most
Matplotlib functions that deal with text labels, in one way or another, accept the keyword
arguments summarized in Table 4-2 (this list is an incomplete selection of common
arguments; see help(mpl.text.Text) for a complete reference). For example, these

153



CHAPTER 4  PLOTTING AND VISUALIZATION

arguments can be used with the method Axes.text, which create a new text label at a
given coordinate. They may also be used with set_title, set xlabel, set ylabel, etc.
For more information on these methods, see the next section.

In scientific and technical visualization, it is clearly important to be able to render
mathematical symbols and expressions in text labels. Matplotlib provides excellent
support for this through LaTeX markup within its text labels: any text label in Matplotlib
can include LaTeX math by enclosing it within $ signs, for example, "Regular text:
$f(x)=1-x"2$". By default, Matplotlib uses an internal LaTeX rendering, which supports
a subset of LaTeX language. However, by setting the configuration parameter mpl.
rcParams["text.usetex"]=True, itis also possible to use an external full-featured
LaTeX engine (if it is available on your system).

When embedding LaTeX code in strings in Python, there is a common stumbling
block: Python uses \ as escape character, while in LaTeX it is used to denote the start
of commands. To prevent the Python interpreter from escaping characters in strings
containing LaTeX expressions, it is convenient to use raw strings, which are literal string
expressions that are prepended with and an r, for example, r"$\int f(x) dx$" and
r'$x_{\rm A}$".

The following example demonstrates how to add text labels and annotations to a
Matplotlib figure using ax.text and ax.annotate, as well as how to render a text label
that includes an equation that is typeset in LaTeX. The resulting graph is shown in
Figure 4-11.

In [13]: fig, ax = plt.subplots(figsize=(12, 3))

: ax.set_yticks([])
: ax.set xticks([])
... ax.set xlim(-0.5, 3.5)
: ax.set_ylim(-0.05, 0.25)
: ax.axhline(0)

: # text label
1 ax.text(o, 0.1, "Text label", fontsize=14, family="serif")

: # annotation
: ax.plot(1, 0, "o")
: ax.annotate("Annotation",
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fontsize=14, family="serif",

xy=(1, 0), xycoords="data",
xytext=(+20, +50), textcoords="offset points"”,
arrowprops=dict(arrowstyle="->", connectionstyle="arc3,
rad=.5"))

: # equation
: ax.text(2, 0.1, r"Equation: $i\hbar\partial t \Psi = \hat{H}\

Psi$", fontsize=14, family="serif")

Text label Annotation Equation: ihd, ¥ = H¥

Figure 4-11. Example demonstrating the result of adding text labels and
annotations using ax. text and ax.annotation and including LaTeX formatted
equations in a Matplotlib text label

Table 4-2. Summary of Selected Font Properties and the Corresponding Keyword

Arguments

Argument Description

fontsize The size of the font, in points.

family or fontname The font type.

backgroundcolor Color specification for the background color of the text
label.

color Color specification for the font color.

alpha Transparency of the font color.

rotation Rotation angle of the text label.
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Axis Properties

After having created Figure and Axes objects, the data or functions are plotted using
some of the many plot functions provided by Matplotlib, and the appearance of lines and
markers are customized - the last major aspect of a graph that remains to be configured
and fine-tuned is the Axis instances. A two-dimensional graph has two axis objects: for
the horizontal x axis and the vertical y axis. Each axis can be individually configured with
respect to attributes such as the axis labels, the placement of ticks and the tick labels,
and the location and appearance of the axis itself. In this section we look into the details
of how to control these aspects of a graph.

Axis Labels and Titles

Arguably the most important property of an axis, which needs to be set in nearly all cases,
is the axis label. We can set the axis labels using the set_xlabel and set_ylabel methods:
they both take a string with the label as first arguments. In addition, the optional labelpad
argument specifies the spacing, in units of points, from the axis to the label. This padding
is occasionally necessary to avoid overlap between the axis label and the axis tick labels.
The set_xlabel and set_ylabel methods also take additional arguments for setting text
properties, such as color, fontsize, and fontname, as discussed in detail in the previous
section. The following code, which produces Figure 4-12, demonstrates how to use the
set_xlabel and set_ylabel methods and the keyword arguments discussed here.

In [14]: x
Lty

np.linspace(0, 50, 500)
np.sin(x) * np.exp(-x/10)

: fig, ax = plt.subplots(figsize=(8, 2), subplot kw={'facecolor':
"#ebf5ff"})

¢ ax.plot(x, y, lw=2)

: ax.set xlabel("x", labelpad=5, fontsize=18, fontname='serif',
color="blue")

: ax.set_ylabel("f(x)", labelpad=15, fontsize=18, fontname='serif',
color="blue")

: ax.set_title("axis labels and title example", fontsize=16,
fontname="serif', color="blue")
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axis labels and title example

f(x)

X

Figure 4-12. Graph demonstrating the result of using set _xlabel and set
ylabel for setting the x and y axis labels

In addition to labels on the x and y axes, we can also set a title of an Axes object,
using the set_title method. This method takes mostly the same arguments as set_
xlabel and set_ylabel, with the exception of the loc argument, which can be assigned
to 'left’, 'centered’, to 'right', and which dictates that the title is to be left aligned,
centered, or right aligned.

Axis Range

By default, the range of the x and y axes of a Matplotlib is automatically adjusted to the
data that is plotted in the Axes object. In many cases these default ranges are sufficient,
but in some situations, it may be necessary to explicitly set the axis ranges. In such cases,
we can use the set_xlimand set_ylimmethods of the Axes object. Both these methods
take two arguments that specify the lower and upper limit that is to be displayed on the
axis, respectively. An alternative to set _xlimand set_ylimis the axis method, which, for
example, accepts the string argument 'tight', for a coordinate range that tightly fit the
lines it contains, and 'equal’, for a coordinate range where one unit length along each axis
corresponds to the same number of pixels (i.e., a ratio preserving coordinate system).

It is also possible to use the autoscale method to selectively turn on and off
autoscaling, by passing True and False as first argument, for the x and/or y axis by
setting its axis argumentto 'x', 'y"', or 'both'. The example below shows how to use
these methods to control axis ranges. The resulting graphs are shown in Figure 4-13.

np.linspace(0, 30, 500)

In [15]: x
: np.sin(x) * np.exp(-x/10)

...: fig, axes = plt.subplots(1, 3, figsize=(9, 3), subplot
kw={"'facecolor': "#ebf5ff"})
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0
0
0
0

: axes[0].plot(x, y, 1lw=2)
.set_xlim(-5, 35)
.set_ylim(-1, 1)

.set_title("set xlim / set_y lim")

. axes
. axes

— /oo
_

. axes

: axes[1].plot(x, y, 1lw=2)
1 axes[1].axis("tight")
..: axes[1].set title("axis('tight')")

: axes[2].plot(x, y, 1lw=2)
: axes[2].axis('equal’)
: axes[2].set title("axis('equal')")

10 set_xlim / set_y_lim axis('tight') axis(‘equal')
0.5}

0.0+

—0.5F

qob— v —0.6E 1 1 1 T 1 1 1 1 1
-50 5101520253035 0 5 10 15 20 25 30 O 5 10 15 20 25 30

Figure 4-13. Graphs that show the result of using the set_x1im, set ylim, and
axis methods for setting the axis ranges that are shown in a graph

Axis Ticks, Tick Labels, and Grids

The final basic properties of the axis that remain to be configured are the placement of
axis ticks and the placement and the formatting of the corresponding tick labels. The
axis ticks are an important part of the overall appearance of a graph, and when preparing
publication and production-quality graphs, it is often necessary to have detailed control
over the axis ticks. Matplotlib module mpl.ticker provides a general and extensible

tick management system that gives full control of the tick placement. Matplotlib
distinguishes between major ticks and minor ticks. By default, every major tick has a
corresponding label, and the distances between major ticks may be further marked with
minor ticks that do not have labels, although this feature must be explicitly turned on.
See Figure 4-14 for an illustration of major and minor ticks.
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Major tick

y axis

Minor tick

v~

1 1
1 2 3

X axis

Figure 4-14. The difference between major and minor ticks

When approaching the configuration of ticks, the most common design target is to
determine where the major tick with labels should be placed along the coordinate axis.
The mpl.ticker module provides classes for different tick placement strategies. For
example, the mpl.ticker.MaxNLocator can be used to set the maximum number ticks
(at unspecified locations), the mpl.ticker.MultipleLocator can be used for setting
ticks at multiples of a given base, and the mpl.ticker.FixedLocator can be used to
place ticks at explicitly specified coordinates. To change ticker strategy, we can use the
set major locator and the set_minor_locator methods in Axes.xaxis and Axes.
yaxis. These methods accept an instance of a ticker class defined inmpl.ticker ora
custom class that is derived from one of those classes.

When explicitly specifying tick locations, we can also use the methods set_xticks
and set_yticks, which accept a list of coordinates for where to place major ticks. In this
case, it is also possible to set custom labels for each tick using the set_xticklabels and
set_yticklabels, which expects lists of strings to use as labels for the corresponding
ticks. If possible, it is a good idea to use generic tick placement strategies, for example,
mpl.ticker.MaxNLocator, because they dynamically adjust if the coordinate range is
changed, whereas explicit tick placement using set_xticks and set_yticks then would
require manual code changes. However, when the exact placement of ticks must be
controlled, then set_xticks and set_yticks are convenient methods.

The following code demonstrates how to change the default tick placement using
combinations of the methods discussed in the previous paragraphs, and the resulting
graphs are shown in Figure 4-15.
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In [16]: x

160

. axes
. axes
... axes
. axes

: axes[3].
: axes[3].
: axes[3].set yticks([-1, 0, 1])
... axes[3].
: axes[3].set xticklabels([r'$-2\pi$", r'$-\pi$', 0, r'$\pi$’,

np.linspace(-2 * np.pi, 2 * np.pi, 500)
np.sin(x) * np.exp(-x**2/20)

: fig, axes = plt.subplots(1, 4, figsize=(12, 3))

.1 axes[0].plot(x, y, 1lw=2)
: axes[0].set title("default ticks")

1
1
1
1

.plot(x, y, lw=2)
.set_title("set xticks")
.set_yticks([-1, 0, 1])

[
[
[
[1].set xticks([-5, 0, 5])

]
]
]
]

: axes[2].plot(x, y, 1lw=2)
: axes[2].set title("set major locator")
: axes[2].xaxis.set _major locator(mpl.ticker.MaxNLocator(4))
..: axes[2].yaxis.set major locator(mpl.ticker.FixedLocator([-1, 0, 1]))
: axes[2].xaxis.set minor locator(mpl.ticker.MaxNLocator(8))
: axes[2].yaxis.set _minor locator(mpl.ticker.MaxNLocator(8))

plot(x, y, 1lw=2)
set_title("set xticklabels")

set xticks([-2 * np.pi, -np.pi, 0, np.pi, 2 * np.pi])

r'$2\pi$'])

..t x_minor ticker = mpl.ticker.FixedlLocator([-3 * np.pi / 2,

-np.pi / 2, 0,
np.pi / 2, 3 * np.pi / 2])

: axes[3].xaxis.set minor locator(x minor ticker)
: axes[3].yaxis.set _minor locator(mpl.ticker.MaxNLocator(4))
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Figure 4-15. Graphs that demonstrate different ways of controlling the placement
and appearance of major and minor ticks along the x axis and the y axis

A commonly used design element in graphs is grid lines, which are intended as a
visual guide when reading values from the graph. Grids and grid lines are closely related
to axis ticks, since they are drawn at the same coordinate values, and are therefore
essentially extensions of the ticks that span across the graph. In Matplotlib, we can turn
on axis grids using the grid method of an axes object. The grid method takes optional
keyword arguments that are used to control the appearance of the grid. For example, like
many of the plot functions in Matplotlib, the grid method accepts the arguments color,
linestyle, and linewidth, for specifying the properties of the grid lines. In addition, it
takes argument which and axis that can be assigned values 'major"', ‘minor’, or 'both’,
and 'x','y', or "both’, respectively. These arguments are used to indicate which ticks
along which axis the given style is to be applied to. If several different styles for the grid
lines are required, multiple calls to grid can be used, with different values of which and
axis. For an example of how to add grid lines and how to style them in different ways,
see the following example, which produces the graphs shown in Figure 4-16.

In [17]: fig, axes = plt.subplots(1, 3, figsize=(12, 4))

: x_major_ticker = mpl.ticker.MultiplelLocator(4)
: x_minor ticker = mpl.ticker.Multiplelocator(1)
mpl.ticker.Multiplelocator(0.5)
mpl.ticker.Multiplelocator(0.25)

: y_major_ticker
: y_minor_ticker

: for ax in axes:
ax.plot(x, y, lw=2)
ax.xaxis.set major locator(x_major ticker)
ax.yaxis.set major locator(y major ticker)
ax.xaxis.set minor locator(x minor ticker)
ax.yaxis.set_minor locator(y minor_ticker)
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.1 axes[0].set_title("default grid")
: axes[0].grid()

: axes[1].set_title("major/minor grid")
: axes[1].grid(color="blue", which="both", linestyle=":",
linewidth=0.5)

..: axes[2].set_title("individual x/y major/minor grid")
: axes[2].grid(color="grey", which="major", axis='x"', linestyle='-",
linewidth=0.5)
: axes[2].grid(color="grey", which="minor", axis='x", linestyle=':",
linewidth=0.25)
: axes[2].grid(color="grey", which="major", axis='y', linestyle='-"',
linewidth=0.5)

major/minor grid individual x/y major/minor grid

10 defaullt grid

1.0 1.0

A

I

0.0

—0.51

-1.0 i i i
-8 -4 0 4 8

-1.0
-8

8 -4 0 4

Figure 4-16. Graphs demonstrating the result of using grid lines

In addition to controlling the tick placements, the Matplotlib mpl.ticker module
also provides classes for customizing the tick labels. For example, the ScalarFormatter
from the mpl.ticker module can be used to set several useful properties related
to displaying tick labels with scientific notation, for displaying axis labels for large
numerical values. If scientific notation is activated using the set_scientific method,
we can control the threshold for when scientific notation is used with the set_
powerlimits method (by default, tick labels for small numbers are not displayed using
the scientific notation), and we can use the useMathText=True argument when creating
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the ScalarFormatter instance in order to have the exponents shown in math style rather

than using code style exponents (e.g., 1€10). See the following code for an example of

using scientific notation in tick labels. The resulting graphs are shown in Figure 4-17.

In [19]: fig, axes

np.linspace(0, 1e5, 100)
X *¥* 2

...: axes[0].plot(x, y, 'b.")
..: axes[0].set title("default labels", loc='right")

: axes[1].plot(x, y, 'b")
: axes[1].set title("scientific notation labels", loc='right")

plt.subplots(1, 2, figsize=(8, 3))

: formatter = mpl.ticker.ScalarFormatter(useMathText=True)
: formatter.set scientific(True)
: formatter.set powerlimits((-1,1))

: axes[1].xaxis.set major formatter(formatter)

: axes[1].yaxis.set major formatter(formatter)
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Figure 4-17. Graphs with tick labels in scientific notation. The left panel uses the
default label formatting, while the right panel uses tick labels in scientific notation,
rendered as math text.

163



CHAPTER 4  PLOTTING AND VISUALIZATION

Log Plots

In visualization of data that spans several orders of magnitude, it is useful to work

with logarithmic coordinate systems. In Matplotlib, there are several plot functions for
graphing functions in such coordinate systems, for example, loglog, semilogx, and
semilogy, which use logarithmic scales for both the x and y axes, for only the x axis, and
for only the y axis, respectively. Apart from the logarithmic axis scales, these functions
behave similarly to the standard plot method. An alternative approach is to use the
standard plot method and to separately configure the axis scales to be logarithmic
using the set_xscale and/or set_yscale method with 'log" as first argument. These
methods of producing log-scale plots are exemplified in the following section, and the
resulting graphs are shown in Figure 4-18.

In [20]: fig, axes = plt.subplots(1, 3, figsize=(12, 3))

: x = np.linspace(0, 1e3, 100)
Dyl, y2 = x*¥*3, x*¥*4

: axes[0].set title('loglog")
: axes[0].loglog(x, y1, 'b", x, y2, 'r")

: axes[1].set title('semilogy')
: axes[1].semilogy(x, y1, 'b', x, y2, 'r')

: axes[2].set title('plot / set xscale / set yscale')

[2].
: axes[2].plot(x, y1, 'b", x, y2, 'r")
..: axes[2].set_xscale('log")
: axes[2].set yscale('log")

1012 Iogllog 1012
1011 [ 1 1011 [
1010 L 3 1010 L
10° f 10° f
10° | 108 |
10’ F 10’ F
10° | 10° |
10° F 10°
10* 10* 10*

10° b - NEET . . . . 10° k= - ,
10 10 10 0 200 400 600 800 1000 10 10 10

semilogy 102 plot / set_xscale / set_yscale
T T T

1011 [
1010 L
10° f
10° F
10’ F
10° F
10° F

Figure 4-18. Examples of log-scale plots
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An interesting trick with axes that Matplotlib provides is the twin axis feature, which

allows displaying two independent axes overlaid on each other. This is useful when

plotting two different quantities, for example, with different units, within the same graph.

A simple example that demonstrates this feature is shown as follows, and the resulting

graph is shown in Figure 4-19. Here we use the twinx method (there is also a twiny

method) to produce second Axes instance with shared x axis and a new independent

y axis, which is displayed on the right side of the graph.

In [21]:

:axi.
..o axi.

¢ ax1l.
.0 axi.

fig

. for

. ax2

Toax2.
.. ax2.

. for

, ax1 = plt.subplots(figsize=(8, 4))

np.linspace(0, 5, 100)
4 * np.pi * r ** 2 # area
(4 * np.pi / 3) * r ** 3 # volume

set title("surface area and volume of a sphere", fontsize=16)
set xlabel("radius [m]", fontsize=16)

plot(r, a, lw=2, color="blue")

set_ylabel(r"surface area ($m"2$)", fontsize=16, color="blue")
label in ax1.get yticklabels():

label.set color("blue")

= ax1.twinx()

plot(r, v, lw=2, color="red")

set_ylabel(r"volume ($m"3$)", fontsize=16, color="red")
label in ax2.get yticklabels():

label.set color("red")
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Figure 4-19. Example of graphs with twin axes

Spines

In all graphs generated so far, we have always had a box surrounding the Axes region.
This is indeed a common style for scientific and technical graphs, but in some cases, for
example, when representing schematic graphs, moving these coordinate lines may be
desired. The lines that make up the surrounding box are called axis spines in Matplotlib,
and we can use the Axes.spines attribute to change their properties. For example, we
might want to remove the top and the right spines and move the spines to coincide with
the origin of the coordinate systems.

The spines attribute of the Axes object is a dictionary with the keys right, left,
top, and bottom that can be used to access each spine individually. We can use the
set color method to set the color to 'None' to indicate that a particular spine should
not be displayed, and in this case, we also need to remove the ticks associated with that
spine, using the set_ticks position method of Axes.xaxis and Axes.yaxis (which
accepts the arguments 'both', "top', or 'bottom' and 'both', 'left’, or 'right’,
respectively). With these methods we can transform the surrounding box to x and y
coordinate axes, as demonstrated in the following example. The resulting graph is shown
in Figure 4-20.

In [22]: x = np.linspace(-10, 10, 500)

np.sin(x) / x

...t fig, ax = plt.subplots(figsize=(8, 4))
..t ax.plot(x, y, linewidth=2)

... # remove top and right spines
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: ax.spines['right'].set_color('none")
..: ax.spines['top'].set _color('none")

: # remove top and right spine ticks
: ax.xaxis.set ticks position('bottom")
..: ax.yaxis.set ticks position('left")

: # move bottom and left spine to x =0 andy = 0
..: ax.spines['bottom'].set position(('data’', 0))
: ax.spines['left'].set position(('data’, 0))

: ax.set xticks([-10, -5, 5, 10])
: ax.set_yticks([0.5, 1])

... # give each label a solid background of white, to not overlap with
the plot line
: for label in ax.get xticklabels() + ax.get yticklabels():
label.set bbox({'facecolor': 'white',
"edgecolor': 'white'})

1.0

Figure 4-20. Example of a graph with axis spines
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Advanced Axes Layouts

So far, we have repeatedly used plt.figure, Figure.make axes, and plt.subplots to
create new Figure and Axes instances, which we then used for producing graphs. In
scientific and technical visualization, it is common to pack together multiple figures

in different panels, for example, in a grid layout. In Matplotlib there are functions

for automatically creating Axes objects and placing them on a figure canvas, using a
variety of different layout strategies. We have already used the plt.subplots function,
which is capable of generating a uniform grid of Axes objects. In this section we explore
additional features of the plt.subplots function and introduce the subplot2grid

and GridSpec layout managers, which are more flexible in how the Axes objects are
distributed within a figure canvas.

Insets

Before diving into the details of how to use more advanced Axes layout managers, it
is worth taking a step back and considering an important use-case of the very first
approach we used to add Axes instances to a figure canvas: the Figure.add axes
method. This approach is well suited for creating so-called inset, which is a smaller
graph that is displayed within the region of another graph. Insets are, for example,
frequently used for displaying a magnified region of special interest in the larger graph or
for displaying some related graphs of secondary importance.

In Matplotlib we can place additional Axes objects at arbitrary locations within
a figure canvas, even if they overlap with existing Axes objects. To create an inset, we
therefore simply add a new Axes object with Figure.make axes and with the (figure
canvas) coordinates for where the inset should be placed. A typical example of a graph
with an inset is produced by the following code, and the graph that this code generates is
shown in Figure 4-21. When creating the Axes object for the inset, it may be useful to use
the argument facecolor="none"', which indicates that there should be no background
color, that is, that the Axes background of the inset should be transparent.

In [23]: fig = plt.figure(figsize=(8, 4))

coot def f(x):
return 1/(1 + x**2) + 0.1/(1 + ((3 - x)/0.1)**2)
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: def plot _and format axes(ax, x, f, fontsize):
ax.plot(x, f(x), linewidth=2)
ax.xaxis.set major locator(mpl.ticker.MaxNLocator(5))
ax.yaxis.set major locator(mpl.ticker.MaxNLocator(4))
ax.set xlabel(r"$x$", fontsize=fontsize)
ax.set_ylabel(r"$f(x)$", fontsize=fontsize)

: # main graph

..t ax = fig.add axes([0.1, 0.15, 0.8, 0.8], facecolor="#f5f5f5")
: x = np.linspace(-4, 14, 1000)
: plot_and format axes(ax, x, f, 18)

: # inset

: X0, x1 = 2.5, 3.5

: ax.axvline(x0, ymax=0.3, color="grey", linestyle=":")
: ax.axvline(x1, ymax=0.3, color="grey", linestyle=":")

: ax_insert = fig.add axes([0.5, 0.5, 0.38, 0.42], facecolor="none")
: x = np.linspace(x0, x1, 1000)
: plot_and format axes(ax_insert, x, f, 14)

1.2

f(z)

L L
3.0 3.8 3.6

Figure 4-21. Example of a graph with an inset
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Subplots

We have already used plt.subplots extensively, and we have noted that it returns a
tuple with a Figure instance and a NumPy array with the Axes objects for each row and
column that was requested in the function call. It is often the case when plotting grids of
subplots that either the x or the y axis, or both, is shared among the subplots. Using the
sharex and sharey arguments to plt.subplots can be useful in such situations, since it
prevents the same axis labels to be repeated across multiple Axes.

It is also worth noting that the dimension of the NumPy array with Axes instances
that is returned by plt.subplots is “squeezed” by default: that is, the dimensions with
length 1 are removed from the array. If both the requested numbers of column and row
are greater than one, then a two-dimensional array is returned, but if either (or both) the
number of columns or rows is one, then a one-dimensional (or scalar, i.e., the only Axes
object itself) is returned. We can turn off the squeezing of the dimensions of the NumPy
arrays by passing the argument squeeze=False to the plt.subplots function. In this
case the axes variable in fig, axes = plt.subplots(nrows, ncols) is always a two-
dimensional array.

A final touch of configurability can be achieved using the p1t.subplots_adjust
function, which allows to explicitly set the left, right, bottom, and top coordinates of the
overall Axes grid, as well as the width (wspace) and height spacing (hspace) between
Axes instances in the grid. See the following code, and the corresponding Figure 4-22, for
a step-by-step example of how to set up an Axes grid with shared x and y axes and with
adjusted Axes spacing.

In [24]: fig, axes = plt.subplots(2, 2, figsize=(6, 6), sharex=True,
sharey=True, squeeze=False)

: x1 = np.random.randn(100)
: X2 = np.random.randn(100)

: axes[0, 0].set title("Uncorrelated")
: axes[0, 0].scatter(x1, x2)

: axes[0, 1].set title("Weakly positively correlated")
: axes[0, 1].scatter(x1, x1 + x2)
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: axes[1, 0].set title("Weakly negatively correlated")
: axes[1, 0].scatter(x1, -x1 + x2)

: axes[1, 1].set title("Strongly correlated")
: axes[1, 1].scatter(x1, x1 + 0.15 * x2)

[EEN

: axes[1,

[ .set_xlabel("x"
: axes[1,

[

[

)
.set_xlabel("x")
)
)

o

..: axes|[o,

1,

.set_ylabel("y"
.set_ylabel("y"

o o
—_ e e

. axes

: plt.subplots adjust(left=0.1, right=0.95, bottom=0.1, top=0.95,
wspace=0.1, hspace=0.2)
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Figure 4-22. Example graph using p1t.subplot and plt.subplot adjust
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Subplot2grid

The plt.subplot2grid function is an intermediary between plt.subplots and
gridspec (see the next section) that provides a more flexible Axes layout management
than plt.subplots while at the same time being simpler to use than gridspec. In
particular, plt.subplot2gridis able to create grids with Axes instances that span
multiple rows and/or columns. The plt.subplot2grid takes two mandatory arguments:
the first argument is the shape of the Axes grid, in the form of a tuple (nrows, ncols),
and the second argument is a tuple (row, col) that specifies the starting position within
the grid. The two optional keyword arguments colspan and rowspan can be used to
indicate how many rows and columns the new Axes instance should span. An example
of how to use the plt.subplot2grid function is given in Table 4-3. Note that each call

to the plt.subplot2grid function results in one new Axes instance, in contrast to
plt.subplots which creates all Axes instances in one function call and returns them in
a NumPy array.

Table 4-3. Example of a Grid Layout Created with p1t.subplot2grid and the
Corresponding Code

Axes Grid Layout Code

ax0 = plt.subplot2grid((3, 3), (0, 0))
oo 1 aa ax1l = plt.subplot2grid((3, 3), (0, 1))
» ax2 = plt.subplot2grid((3, 3), (1, 0),

o colspan=2)
ax3 = plt.subplot2grid((3, 3), (2, 0),

s colspan=3)
ax4 = plt.subplot2grid((3, 3), (0, 2),

rowspan=2)
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GridSpec

The final grid layout manager that we cover here is GridSpec from the mpl.gridspec
module. This is the most general grid layout manager in Matplotlib, and in particular
it allows creating grids where not all rows and columns have equal width and height,
which is not easily achieved with the grid layout managers we have used earlier in this
chapter.

A GridSpec object is only used to specify the grid layout, and by itself it does not
create any Axes objects. When creating a new instance of the GridSpec class, we must
specify the number of rows and columns in the grid. Like for other grid layout managers,
we can also set the position of the grid using the keyword arguments left, bottom,
right, and top, and we can set the width and height spacing between subplots using
wspace and hspace. Additionally, GricSpec allows specifying the relative width and
heights of columns and rows using the width_ratios and height ratios arguments.
These should both be lists with relative weights for the size of each column and row
in the grid. For example, to generate a grid with two rows and two columns, where the
first row and column is twice as big as the second row and column, we could use mpl.
gridspec.GridSpec(2, 2, width ratios=[2, 1], height ratios=[2, 1]).

Once a GridSpec instance has been created, we can use the Figure.add subplot
method to create Axes objects and place them on a figure canvas. As argument to
add_subplot, we need to pass anmpl.gridspec.SubplotSpec instance, which we can
generate from the GridSpec object using an array-like indexing: for example, given a
GridSpec instance gs, we obtain a SubplotSpec instance for the upper-left grid element
using gs[0, 0] and for a SubplotSpec instance that covers the first row we use gs[:, 0]
and so on. See Table 4-4 for concrete examples of how to use GridSpec and add_subplot
to create Axes instance.
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Table 4-4. Examples of How to Use the Subplot Grid Manager mpl.gridspec.
GridSpec

Axes Grid Layout Code

fig = plt.figure(figsize=(6, 4))
gs = mpl.gridspec.GridSpec(4, 4)
ax0 = fig.add_subplot(gs[0, 0])

é ax0 é é axd é ax1 = fig.add_subplot(gs[1, 1])
— . an': :' 'M6 : ax2 = fig.add subplot(gs[2, 2])
F N , ax3 = fig.add_subplot(gs[3, 3])
C s 1E e 1 ae ] ax4 = fig.add_subplot(gs[o, 1:])
1] a0 | ot o ax5 = fig.add_subplot(gs[1:, 0])
{0 1| @8 ] ax6 = fig.add_subplot(gs[1, 2:])
A ax7 = fig.add_subplot(gs[2:, 1])
ax8 = fig.add subplot(gs[2, 3])
ax9 = fig.add_subplot(gs[3, 2])
fig = plt.figure(figsize=(4, 4))
ad gs = mpl.gridspec.GridSpec(
2, 2,
width ratios=[4, 1],
I height ratios=[1, 4],
>0 e wspace=0.05, hspace=0.05)
ax0 = fig.add subplot(gs[1, 0])
ax1l = fig.add_subplot(gs[0, 0])
ax2 = fig.add_subplot(gs[1, 1])

Colormap Plots

We have so far only considered graphs of univariate functions or, equivalently, two-

dimensional data in x-y format. The two-dimensional Axes objects that we have used for
this purpose can also be used to visualize bivariate functions, or three-dimensional data
on x-y-z format, using so-called color maps (or heat maps), where each pixel in the Axes
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area is colored according to the z value corresponding to that point in the coordinate
system. Matplotlib provides the functions pcolor and imshow for these types of plots, and
the contour and contourf functions graph data on the same format by drawing contour
lines rather than color maps. Examples of graphs generated with these functions are
shown in Figure 4-23.

pcolor |mshow contour contourf
T T T

1t 1HMos 1t 0.5 0.75
L)
> 0} i - 0.0 ~ > O0OfF 0.0 ~ > 0. 50)
‘ =\
00

70.00 025 050 075  1.00
X X X

Figure 4-23. Example graphs generated with pcolor, imshow, contour, and
contourf

To produce a colormap graph, for example, using pcolor, we first need to prepare
the data in the appropriate format. While standard two-dimensional graphs expect
one-dimensional coordinate arrays with x and y values, in the present case, we need to
use two-dimensional coordinate arrays, as, for example, generated using the NumPy
meshgrid function. To plot a bivariate function or data with two dependent variables,
we start by defining one-dimensional coordinate arrays, x and y, that span the desired
coordinate range or correspond to the values for which data is available. The x and y
arrays can then be passed to the np.meshgrid function, which produces the required
two-dimensional coordinate arrays X and Y. If necessary, we can use NumPy array
computations with X and Y to evaluate bivariate functions to obtain a data array Z, as
done inlines 1 to3in In [25] (see in the following section).

Once the two-dimensional coordinate and data arrays are prepared, they are easily
visualized using, for example, pcolor, contour, or contourf, by passing the X, Y, and Z
arrays as the first three arguments. The imshow method works similarly but only expects
the data array Z as argument, and the relevant coordinate ranges must instead be set
using the extent argument, which should be set to a list on the format [ xmin, xmax,
ymin, ymax].Additional keyword arguments that are important for controlling the
appearance of colormap graphs are vmin, vmax, norm, and cmap: the vmin and vmax can
be used to set the range of values that are mapped to the color axis. This can equivalently
be achieved by setting norm=mpl.colors.Normalize(vmin, vmax).The cmap argument
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specifies a color map for mapping the data values to colors in the graph. This argument
can either be a string with a predefined colormap name or a colormap instance. The
predefined color maps in Matplotlib are available in mpl.cm. Try help(mpl.cm) or try to
autocomplete in IPython on the mpl.cm module for a full list of available color maps.®

The last piece required for a complete colormap plot is the colorbar element, which
gives the viewer of the graph a way to read off the numerical values that different colors
correspond to. In Matplotlib we can use the plt.colorbar function to attach a colorbar
to an already plotted colormap graph. It takes a handle to the plot as first argument,
and it takes two optional arguments ax and cax, which can be used to control where in
the graph the colorbar is to appear. If ax is given, the space will be taken from this Axes
object for the new colorbar. If, on the other hand, cax is given, then the colorbar will
draw on this Axes object. A colorbar instance cb has its own axis object, and the standard
methods for setting axis attributes can be used on the cb.ax object, and we can use, for
example, the set_label, set_ticks, and set_ticklabels method in the same manner
as for x and y axes.

The steps outlined in the previous paragraphs are shown in the following code,
and the resulting graph is shown in Figure 4-24. The functions imshow, contour,
and contourf can be used in a nearly similar manner, although these functions take
additional arguments for controlling their characteristic properties. For example, the
contour and contourf functions additionally take an argument N that specifies the
number of contour lines to draw.

In [25]: x =y = np.linspace(-10, 10, 150)
...t X, Y = np.meshgrid(x, y)
: Z = np.cos(X) * np.cos(Y) * np.exp(-(X/5)**2-(Y/5)**2)

..: fig, ax = plt.subplots(figsize=(6, 5))

: norm = mpl.colors.Normalize(-abs(Z).max(), abs(Z).max())
..: p = ax.pcolor(X, Y, Z, norm=norm, cmap=mpl.cm.bwr)

1 ax.axis('tight")
: ax.set xlabel(r"$x$", fontsize=18)

°A nice visualization of all the available color maps is available at http://wiki.scipy.org/
Cookbook/Matplotlib/Show_colormaps. This page also describes how to create new color maps.
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: ax.set_ylabel(r"$y$", fontsize=18)
: ax.xaxis.set major locator(mpl.ticker.MaxNLocator(4))
: ax.yaxis.set major locator(mpl.ticker.MaxNLocator(4))

.: cb = fig.colorbar(p, ax=ax)
: cb.set label(r"$z$", fontsize=18)
: cb.set ticks([-1, -.5, 0, .5, 1])

10

-10

Figure 4-24. Example using pcolor to produce a colormap graph

3D Plots

The colormap graphs discussed in the previous section were used to visualize data with
two dependent variables by color-coding data in 2D graphs. Another way of visualizing
the same type of data is to use 3D graphs, where a third axis z is introduced and the
graph is displayed in a perspective on the screen. In Matplotlib, drawing 3D graphs
requires using a different axes object, namely, the Axes3D object that is available from
thempl toolkits.mplot3d module. We can create a 3D-aware Axes instance explicitly
using the constructor of the Axes3D class, by passing a Figure instance as argument:

ax = Axes3D(fig). Alternatively, we can use the add_subplot function with the
projection="'3d" argument:

ax = ax = fig.add subplot(1, 1, 1, projection='3d")
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or use plt.subplots with the subplot kw={'projection': '3d'} argument:
fig, ax = plt.subplots(1, 1, figsize=(8, 6), subplot kw={'projection': '3d'})

In this way, we can use all of the axes layout approaches we have previously used for
2D graphs, if only we specify the projection argument in the appropriate manner. Note
that using add_subplot, it is possible to mix axes objects with 2D and 3D projections
within the same figure, but when using p1t.subplots, the subplot_kw argument applies
to all the subplots added to a figure.

Having created and added 3D-aware Axes instances to a figure, for example, using
one of the methods described in the previous paragraph, the Axes3D class methods -
such as plot_surface, plot_wireframe, and contour - can be used to plot data as
surfaces in a 3D perspective. These functions are used in a manner that is nearly the
same as how the color map was used in the previous section: these 3D plotting functions
all take two-dimensional coordinate and data arrays X, Y, and Z as first arguments. Each
function also takes additional parameters for tuning specific properties. For example,
the plot_surface function takes the arguments rstride and cstride (row and column
stride) for selecting data from the input arrays (to avoid data points that are too dense).
The contour and contourf functions take optional arguments zdir and offset, which
is used to select a projection direction (the allowed values are “x,” “y,” and “z”) and the
plane to display the projection on.

In addition to the methods for 3D surface plotting, there are also straightforward
generalizations of the line and scatter plot functions that are available for 2D axes, for
example, plot, scatter, bar, and bar3d, which in the version that is available in the
Axes3D class takes an additional argument for the z coordinates. Like their 2D relatives,
these functions expect one-dimensional data arrays rather than the two-dimensional
coordinate arrays that are used for surface plots.

When it comes to axes titles, labels, ticks, and tick labels, all the methods used for 2D
graphs, as described in detail earlier in this chapter, are straightforwardly generalized
to 3D graphs. For example, there are new methods set_zlabel, set _zticks, and
set_zticklabels for manipulating the attributes of the new z axis. The Axes3D object
also provides new class methods for 3D specific actions and attributes. In particular, the
view_init method can be used to change the angle from which the graph is viewed, and
it takes the elevation and the azimuth, in degrees, as first and second arguments.
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Examples of how to use these 3D plotting functions are given in the following
section, and the produced graphs are shown in Figure 4-25.

In [26]: fig, axes = plt.subplots(1, 3, figsize=(14, 4), subplot_
kw={"'projection': '3d'})

: def title and labels(ax, title):
ax.set_title(title)
ax.set xlabel("$x$", fontsize=16)
ax.set_ylabel("$y$", fontsize=16)
ax.set _zlabel("$z$", fontsize=16)

x =y = np.linspace(-3, 3, 74)
: X, Y = np.meshgrid(x, y)

-
1

np.sqrt(X**2 + Y**2)
np.sin(4 * R) / R

N
]

: norm = mpl.colors.Normalize(-abs(Z).max(), abs(Z).max())

..: p = axes[0].plot surface(X, Y, Z, rstride=1, cstride=1,
linewidth=0, antialiased=False, norm=norm, cmap=mpl.cm.Blues)

: cb = fig.colorbar(p, ax=axes[0], shrink=0.6)
: title and labels(axes[0], "plot surface")

: p = axes[1].plot wireframe(X, Y, Z, rstride=2, cstride=2,
color="darkgrey")
: title and labels(axes[1], "plot wireframe")

..: cset = axes[2].contour(X, Y, Z, zdir="z', offset=0, norm=norm,
cmap=mpl.cm.Blues)
: cset = axes[2].contour(X, Y, Z, zdir='y', offset=3, norm=norm,
cmap=mpl.cm.Blues)
: title and labels(axes[2], "contour")
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plot_surface plot_wireframe contour

Figure 4-25. 3D surface and contour graphs generated by using plot_surface,
plot wireframe, and contour

Summary

In this chapter, we have covered the basics of how to produce 2D and 3D graphics using
Matplotlib. Visualization is one of the most important tools for computational scientists
and engineers, both as an analysis tool while working on computational problems and
for presenting and communicating computational results. Visualization is therefore an
integral part of the computational workflow, and it is equally important to be able to
quickly visualize and explore data and to be able to produce picture-perfect publication-
quality graphs, with detailed control over every graphical element. Matplotlib is a great
general-purpose tool for both exploratory visualization and for producing publication-
quality graphics. However, there are limitations to what can be achieved with Matplotlib,
especially with respect to interactivity and high-quality 3D graphics. For more
specialized use-cases, I therefore recommend to also explore some of the other graphic
libraries that are available in the scientific Python ecosystem, some of which was briefly
mentioned at the beginning of this chapter.

Further Reading

The Matplotlib is treated in books dedicated to the library, such as Tosi (2009) and
Devert (2014), and in several books with a wider scope, for example, Milovanovi (2013)
and McKinney (2013). For interesting discussions on data visualization and style guides
and good practices in visualization, see, for example, Yau (2011) and J. Steele (2010).
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CHAPTER 5

Equation Solving

In the previous chapters, we have discussed general methodologies and techniques,
namely, array-based numerical computing, symbolic computing, and visualization.
These methods are the cornerstones of scientific computing that make up a fundamental
toolset we have at our disposal when attacking computational problems.

Starting from this chapter, we begin to explore how to solve problems from
different domains of applied mathematics and computational sciences, using the basic
techniques introduced in the previous chapters. The topic of this chapter is algebraic
equation solving. This is a broad topic that requires the application of theory and
approaches from multiple fields of mathematics. In particular, when discussing equation
solving, we have to distinguish between univariate and multivariate equations (i.e.,
equations that contain one unknown variable or many unknown variables). In addition,
we need to distinguish between linear and nonlinear equations. This classification is
useful because solving equations of these different types requires applying different
mathematical methods and approaches.

We begin with linear equation systems, which are tremendously useful and have
important applications in every field of science. The reason for this universality
is that linear algebra theory allows us to straightforwardly solve linear equations,
while nonlinear equations are difficult to solve in general and typically require more
complicated and computationally demanding methods. Because linear systems are
readily solvable, they are also an important tool for local approximations of nonlinear
systems. For example, by considering small variations from an expansion point, a
nonlinear system can often be approximated by a linear system in the local vicinity of
the expansion point. However, a linearization can only describe local properties, and
for global analysis of nonlinear problems, other techniques are required. Such methods
typically employ iterative approaches for gradually constructing an increasingly accurate
estimate of the solution.

183
© Robert Johansson 2019

R. Johansson, Numerical Python, https://doi.org/10.1007/978-1-4842-4246-9_5



CHAPTER 5  EQUATION SOLVING

In this chapter, we use SymPy for solving equations symbolically, when possible,
and use the linear algebra module from the SciPy library for numerically solving
linear equation systems. For tackling nonlinear problems, we will use the root-finding
functions in the optimize module of SciPy.

SciPy SciPy is a Python library, the collective name of the scientific computing
environment for Python, and the umbrella organization for many of the core
libraries for scientific computing with Python. The library, scipy, is in fact rather

a collection of libraries for high-level scientific computing, which are more or

less independent of each other. The SciPy library is built on top of NumPy, which
provides the basic array data structures and fundamental operations on such
arrays. The modules in SciPy provide domain-specific high-level computation
methods, such as routines for linear algebra, optimization, interpolation,
integration, and much more. At the time of writing, the most recent version of SciPy
is 1.1.0. See www. scipy.org for more information.

Importing Modules

The SciPy module scipy should be considered a collection of modules that are selectively
imported when required. In this chapter we will use the scipy.linalg module, for solving
linear systems of equations, and the scipy.optimize module, for solving nonlinear
equations. In this chapter we assume that these modules are imported as:

In [1]: from scipy import linalg as la
In [2]: from scipy import optimize

In this chapter we also use the NumPy, SymPy, and Matplotlib libraries introduced
in the previous chapters, and we assume that those libraries are imported following the

previously introduced convention:

[3]: import sympy
[4]: sympy.init printing()
In [5]: import numpy as np
[6]: import matplotlib.pyplot as plt
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To get the same behavior in both Python 2 and Python 3 with respect to integer
division, we also include the following statement (which is only necessary in Python 2):

In [7]: from _ future_ import division

Linear Equation Systems

An important application of linear algebra is solving systems of linear equations. We
have already encountered linear algebra functionality in the SymPy library, in Chapter 3.
There are also linear algebra modules in the NumPy and SciPy libraries, numpy.linalg
and scipy.linalg, which together provide linear algebra routines for numerical
problems, that is, for problems that are completely specified in terms of numerical
factors and parameters.

In general, a linear equation system can be written on the form

a,x, +a,x,+...+a,,x,=b,

1n""n

Ay X, +0pX, +...+a,,X, =b,,

a,x +a,,x,+...+a, x,=b,.

m

This is a linear system of m equations in » unknown variables {x,, x,, ..., x,,}, where a,,,
and b,, are known parameters or constant values. When working with linear equation
systems, it is convenient to write the equations in matrix form:

all alz aln X 1 b 1
a21 a22 a2n x2 _ b2

. - ’
aml amz amn xn bm

or simply Ax = b, where A is a m x n matrix, b is a m x 1 matrix (or m-vector), and
x is the unknown 7 x 1 solution matrix (or n-vector). Depending on the properties of
the matrix A, the solution vector x may or may not exist, and if a solution does exist, it
is not necessarily unique. However, if a solution exists, then it can be interpreted as an
expression for the vector b as a linear combination of the columns of the matrix A, where
the coefficients are given by the elements in the solution vector x.
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A system for which n < m is said to be underdetermined, because it has fewer
equations than unknown and therefore cannot completely determine a unique solution.
If, on the other hand, m > n, then the equations are said to be overdetermined. This will
in general lead to conflicting constraints, resulting in that a solution does not exist.

Square Systems

Square systems with m = n is an important special case. It corresponds to the situation
where the number of equations equals the number of unknown variables, and it can
therefore potentially have a unique solution. In order for a unique solution to exist, the
matrix A must be nonsingular, in which case the inverse of A exists, and the solution can
be written as x = A~'b. If the matrix A is singular, that is, the rank of the matrix is less than
n, rank(A) < n, or, equivalently, if its determinant is zero, detA = 0, then the equation

Ax = b can either have no solution or infinitely many solutions, depending on the right-
hand side vector b. For a matrix with rank deficiency, rank(A) < n, there are columns

or rows that can be expressed as linear combinations of other columns or vectors, and
they therefore correspond to equations that do not contain any new constraints, and

the system is really underdetermined. Computing the rank of the matrix A that defines a
linear equation system is therefore a useful method that can tell us whether the matrix is
singular or not and therefore whether there exists a solution or not.

When A has full rank, the solution is guaranteed to exist. However, it may or may
not be possible to accurately compute the solution. The condition number of the matrix,
cond(A), gives a measure of how well or poorly conditioned a linear equation system
is. If the conditioning number is close to 1, if the system is said to be well conditioned (a
condition number 1 is ideal), and if the condition number is large, the system is said to
be ill-conditioned. The solution to an equation system that is ill-conditioned can have
large errors. An intuitive interpretation of the condition number can be obtained from a
simple error analysis. Assume that we have a linear equation system on the form Ax = b,
where x is the solution vector. Now consider a small variation of b, say 6b, which gives a
corresponding change in the solution, x, given by A(x+6x) = b+5b. Because of linearity
of the equation, we have Adx = §b. An important question to consider now is: how large
is the relative change in x compared to the relative change in b? Mathematically we can
formulate this question in terms of the ratios of the norms of these vectors. Specifically,
we are interested in comparing ||6x||/||x|| and ||6b]|/||b||, where ||x|| denotes the norm of
x. Using the matrix norm relation ||Ax|| < ||A]|| - ||x||, we can write
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A bound of the relative error in the solution x, given a relative error in the b vector, is
therefore given by cond(A) = [|A™!|| - ||A||, which by definition is the condition number
of the matrix A. This means that for linear equation systems characterized by a matrix A
that is ill-conditioned, even a small perturbation in the b vector can give large errors in
the solution vector x. This is particularly relevant in numerical solution using floating-
point numbers, which are only approximations to real numbers. When solving a system
of linear equations, it is therefore important to look at the condition number to estimate
the accuracy of the solution.

The rank, condition number, and norm of a symbolic matrix can be computed in
SymPy using the Matrix methods rank, condition _number, and norm, and for numerical
problems, we can use the NumPy functions np.linalg.matrix_rank, np.linalg.
cond, and np.linalg.norm. For example, consider the following system of two linear
equations:

2x,+3x,=4
5x, +4x,=3

These two equations correspond to lines in the (x,,x,) plane, and their intersection is
the solution to the equation system. As can be seen in Figure 5-1, which graphs the lines
corresponding to the two equations, the lines intersect at (—1, 2).

— 22, +32,—4=0 ||
52, +4z,—3=0

The intersection point of
the two lines is the solution
to the equation system

~4 -3 -2 -1 0 1 2
Ty

|
N

Figure 5-1. Graphical representation of a system of two linear equations
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We can define this problem in SymPy by creating matrix objects for A and b and
computing the rank, condition number, and norm of the matrix A using

In [8]: A = sympy.Matrix([[2, 3], [5, 4]])
In [9]: b = sympy.Matrix([4, 3])
In [10]: A.rank()
Out[10]: 2
In [11]: A.condition number()
Out[11]: ;Q{Zifb[iﬁi
272170
In [12]: sympy.N( )
Out[12]: 7.58240137440151
In [13]: A.norm()
out[13]: 3v6

We can do the same thing in NumPy/SciPy using NumPy arrays for A and b and
functions from the np.1linalg and scipy.linalg modules:

In [14]: A = np.arzay([[2, 31, [5, 4]1)
In [15]: b = np.array([4, 3])

In [16]: np.linalg.matrix_rank(A)
Out[16]: 2

In [17]: np.linalg.cond(A)

Out[17]: 7.5824013744

In [18]: np.linalg.norm(A)

Out[18]: 7.34846922835

A direct approach to solving the linear problem is to compute the inverse of the
matrix A and multiply it with the vector b, as used, for example, in the previous analytical
discussions. However, this is not the most efficient computational method to find the
solution vector x. A better method is LU factorization of the matrix A, such that A = LU and
where L is a lower triangular matrix and U is an upper triangular matrix. Given L and U,
the solution vector x can be efficiently constructed by first solving Ly = b with forward
substitution and then solving Ux = y with backward substitution. Owning to the fact that
L and U are triangular matrices, these two procedures are computationally efficient.
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In SymPy we can perform a symbolic LU factorization by using the LUdecomposition
method of the sympy.Matrix class. This method returns new Matrix objects for the L and
U matrices, as well as a row swap matrix. When we are interested in solving an equation
system Ax = b, we do not explicitly need to calculate the L and U matrices, but rather we
can use the LUsolve method, which performs the LU factorization internally and solves
the equation system using those factors. Returning to the previous example, we can
compute the L and U factors and solve the equation system using

In [19]: A = sympy.Matrix([[2, 3], [5, 4]])
In [20]: b = sympy.Matrix([4, 3])
In [21]: L, U, _ = A.LUdecomposition()
In [22]: L
1 0
Out[22] [5/2 J
In [23]: U

2 3
Out[23]: 0 —7/2

In [24]: L *U

2 3
Oout[24]: |, ,

In [25]: x = A.solve(b); x # equivalent to A.LUsolve(b)

-1
Out[25]: [ 2}

For numerical problems we can use the 1a. 1u function form SciPy’s linear algebra module.
It returns a permutation matrix P and the L and U matrices, such that A = PLU. Like with
SymPy, we can solve the linear system Ax = b without explicitly calculating the L and U matrices
by using the la.solve function, which takes the A matrix and the b vector as arguments. This
is in general the preferred method for solving numerical linear equation systems using SciPy.

In [26]: A = np.array([[2, 3], [5, 4]])
In [27]: b = np.array([4, 3])

In [28]: P, L, U = la.lu(A)

In [29]: L

Out[29]: array([[ 1. , oO. ],

[ 0.4, 1. 1])
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In [30]: U
Out[30]: array([[ 5. , 4. ],
[ 0., 1.4]])
In [31]: P.dot(L.dot(U))
Out[31]: array([[ 2., 3.],
[ 5., 4.]1])
In [32]: la.solve(A, b)
Out[32]: array([-1., 2.])

The advantage of using SymPy is of course that we may obtain exact results and
we can also include symbolic variables in the matrices. However, not all problems
are solvable symbolically, or it may give exceedingly lengthy results. The advantage
of using a numerical approach with NumPy/SciPy, on the other hand, is that we are
guaranteed to obtain a result, although it will be an approximate solution due to
floating-point errors. See the following code (In [38]) for an example that illustrates the
differences between the symbolic and numerical approaches and for an example that
show numerical approaches can be sensitive for equation systems with large condition
number. In this example we solve the equation system

1 Jp .
RIS

which for p =1 is singular and for p in the vicinity of one is ill-conditioned. Using
SymPy, the solution is easily found to be

In [33]: p = sympy.symbols("p", positive=True)
In [34]: A = sympy.Matrix([[1, sympy.sqrt(p)], [1, 1/sympy.sqrt(p)]])
In [35]: b = sympy.Matrix([1, 2])
In [36]: x = A.solve(b)
In [37]: x
2p-1

out[37]: | P}
Ar

p_

[a—
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A comparison between this symbolic solution and the numerical solution is shown

in Figure 5-2. Here the errors in the numerical solution are due to numerical floating-

point errors, and the numerical errors are significantly larger in the vicinity of p =1,

where the system has a large condition number. Also, if there are other sources of errors

in either A or b, the corresponding errors in x can be even more severe.

In [38]:

T > T H
Il

Symbolic problem specification

sympy.symbols("p", positive=True)

sympy.Matrix([[1, sympy.sqrt(p)], [1, 1/sympy.sqrt(p)]])
sympy.Matrix([1, 2])

... # Solve symbolically
: x_sym_sol = A.solve(b)

: Acond = A.condition number().simplify()

.: # Numerical problem specification
: AA = lambda p: np.array([[1, np.sqrt(p)], [1, 1/np.sqrt(p)]])
: bb = np.array([1, 2])
: x_num_sol = lambda p: np.linalg.solve(AA(p), bb)

..: # Graph the difference between the symbolic (exact) and numerical

results.

: fig, axes = plt.subplots(1, 2, figsize=(12, 4))

: p_vec = np.linspace(0.9, 1.1, 200)
: for n in range(2):

x_sym = np.array([x_sym sol[n].subs(p, pp).evalf() for pp in
p_vec])

x_num = np.array([x_num_sol(pp)[n] for pp in p_vec])
axes[0].plot(p_vec, (x_num - x_sym)/x_sym, 'k")

..: axes[0].set title("Error in solution\n(numerical - symbolic)/

symbolic")

: axes[0].set xlabel(r'$p$', fontsize=18)

: axes[1].plot(p_vec, [Acond.subs(p, pp).evalf() for pp in p_vec])
: axes[1].set title("Condition number")
..: axes[1].set xlabel(r'$p$', fontsize=18)
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Error in solution
1e—13 (nu'merical - syrpbolic)/symb?lic 5000 ' Condition number
70001
6000}
5000}
40001
3000
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1000f

0.90 0.95 1.00 1.05 1.10 0.90 0.95 1.00 1.05 1.10
p p

Figure 5-2. Graph of the relative numerical errors (left) and condition number
(right) as a function of the parameter p

Rectangular Systems

Rectangular systems, with m # n, can be either underdetermined or overdetermined.
Underdetermined systems have more variables than equations, so the solution cannot
be fully determined. Therefore, for such a system, the solution must be given in terms
of the remaining free variables. This makes it difficult to treat this type of problem
numerically, but a symbolic approach can often be used instead.

For example, consider the underdetermined linear equation system

ez

3
Here we have three unknown variables, but only two equations impose constraints

=

= =

on the relations between these variables. By writing this equation as Ax — b =0, we can
use the SymPy sympy. solve function to obtain a solution for x, and x, parameterized by
the remaining free variable x;:

In [39]: x_vars = sympy.symbols("x 1, x 2, x_3")
In [40]: A = sympy.Matrix([[21, 2, 3], [4, 5, 6]])
In [41]: x = sympy.Matrix(x_ vars)

In [42]: b = sympy.Matrix([7, 8])

In [43]: sympy.solve(A*x - b, x vars)

Out[43]: {x,=x,-19/3, x, =—2x,+20/3}
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Here we obtained the symbolic solution x, = x; — 19/3 and x, = — 2x3;+20/3, which
defines a line in the three-dimensional space spanned by {x,, x,, x;}. Any point on this
line therefore satisfies this underdetermined equation system.

On the other hand, if the system is overdetermined and has more equations than
unknown variables, m > n, then we have more constraints than degrees of freedom, and
in general there is no exact solution to such a system. However, it is often interesting to
find an approximate solution to an overdetermined system. An example of when this
situation arises is data fitting: say we have a model where a variable y is a quadratic
polynomial in the variable x, so that y = A+Bx+Cx? and that we would like to fit this
model to experimental data. Here y is nonlinear in x, but y is linear in the three unknown
coefficients A, B, and C, and this fact can be used to write the model as a linear equation
system. If we collect data for m pairs {(xl. Vi )}m

i=

) of the variables x and y, we can write the
model as an m x 3 equation system:

]' xl x12 A yl
B|=| :
C

2
1 xm xm y m

If m = 3, we can solve for the unknown model parameters A, B, and C, assuming the
system matrix is nonsingular. However, it is intuitively clear that if the data is noisy and
if we were to use more than three data points, we should be able to get a more accurate
estimate of the model parameters.

However, for m > 3, there is in general no exact solution, and we need to introduce an
approximate solution that gives the best fit for the overdetermined system Ax~ b. A
natural definition of the best fit for this system is to minimize the sum of square errors,
min Zzl(ri )?, where r = b — Ax is the residual vector. This leads to the least square
solution of the problem Ax =~ b, which minimizes the distances between the data points
and the linear solution. In SymPy we can solve for the least square solution of an
overdetermined system using the solve_least_squares method, and for numerical
problems, we can use the SciPy function la.1stsq.

The following code demonstrates how the SciPy la.1stsq method can be used
to fit the example model considered in the preceding section, and the result is shown
in Figure 5-3. We first define the true parameters of the model, and then we simulate
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measured data by adding random noise to the true model relation. The least square
problem is then solved using the 1a. 1stsq function, which in addition to the solution
vector x also returns the total sum of square errors (the residual r), the rank rank and the
singular values sv of the matrix A. However, in the following example, we only use the
solution vector x.

In [44]: # define true model parameters
: x = np.linspace(-1, 1, 100)
ta, b,c=1,2,3
tyexact =a+b* x4+ c*xtR2

simulate noisy data

= 100

1 - 2 * np.random.rand(m)
a+b*X+c*X*2 + np.random.randn(m)

< X =3 =
1]

: # fit the data to the model using linear least square
: A = np.vstack([X**0, X**1, X**2]) # see np.vander for alternative
: sol, r, rank, sv = la.lstsq(A.T, Y)

..ty fit = sol[0] + sol[1] * x + sol[2] * x**2
: fig, ax = plt.subplots(figsize=(12, 4))

: ax.plot(X, Y, 'go', alpha=0.5, label='Simulated data')
: ax.plot(x, y exact, 'k', lw=2, label='True value $y = 1 + 2x +
3x"2%")
: ax.plot(x, y fit, 'b', lw=2, label="Least square fit')
... ax.set xlabel(r"$x$", fontsize=18)
: ax.set_ylabel(r"$y$", fontsize=18)
: ax.legend(loc=2)

194



CHAPTER 5  EQUATION SOLVING

8 T T
®» » Simulated data E
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— Least square fit

1.0

Figure 5-3. Linear least square fit

A good fit of data to a model obviously requires that the model used to describe the
data correspond well to the underlying process that produced the data. In the following
example (In [45]), and in Figure 5-4, we fit the same data used in the previous example
to linear model and to a higher-order polynomial model (up to order 15). The former
case corresponds to underfitting, where we have used a too simple model for the data,
and the latter case corresponds to overfitting, where we have used a too complex model
for the data, and thus fit the model not only to the underlying trend but also to the

measurement noise. Using an appropriate model is an important and delicate aspect of
data fitting.

In [45]: # fit the data to the model using linear least square:
: # 1st order polynomial
..t A = np.vstack([X**n for n in range(2)])
: sol, r, rank, sv = la.lstsq(A.T, Y)
1y fit1 = sum([s * x**n for n, s in enumerate(sol)])

: # 15th order polynomial

: A = np.vstack([X**n for n in range(16)])

: sol, r, rank, sv = la.lstsq(A.T, Y)

1y fit15 = sum([s * x**n for n, s in enumerate(sol)])

: fig, ax = plt.subplots(figsize=(12, 4))

: ax.plot(X, Y, 'go', alpha=0.5, label='Simulated data')
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: ax.plot(x, y exact, 'k', lw=2, label='True value $y = 1 + 2x +

3x"2%")

: ax.plot(x, y fit1, 'b', lw=2, label="Least square fit [1st
order]")

: ax.plot(x, y fit15, 'm', lw=2, label='Least square fit [15th
order]")

: ax.set xlabel(r"$x$", fontsize=18)
: ax.set_ylabel(r"$y$", fontsize=18)
..: ax.legend(loc=2)

» ® Simulated data °
6| — True value y=1+2z +3a> ®
— Least square fit [1st order]

Least square fit [15th order]

10 ~0.5 0.0 0.5 1.0

Figure 5-4. Graph demonstrating underfitting and overfitting of data using the
linear least square method

Eigenvalue Problems

A special system of equations of great theoretical and practical importance is the
eigenvalue equation Ax = Ax, where A is a N x N square matrix, x is an unknown vector,
and A is an unknown scalar. Here x is an eigenvector and 4 an eigenvalue of the matrix A.
The eigenvalue equation Ax = Ax closely resembles the linear equation system Ax = b, but
note that here both x and 4 are unknown, so we cannot directly apply the same techniques
to solve this equation. A standard approach to solve this eigenvalue problem is to rewrite
the equation as (A — I1)x = 0 and note that for there to exist a nontrivial solution, x # 0, the
matrix A — I must be singular, and its determinant must be zero, det(A — I1) = 0. This gives
a polynomial equation (the characteristic polynomial) of Nth order whose N roots give the
N eigenvalues {4, }nN:1 . Once the eigenvalues are known, the equation (A — I1,)x, = 0 can
be solved for the nth eigenvector x, using standard forward substitution.
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Both SymPy and the linear algebra package in SciPy contain solvers for eigenvalue
problems. In SymPy, we can use the eigenvals and eigenvects methods of the Matrix
class, which are able to compute the eigenvalues and eigenvectors of some matrices with
elements that are symbolic expressions. For example, to compute the eigenvalues and
eigenvectors of symmetric 2 x 2 matrix with symbolic elements, we can use

In [46]: eps, delta = sympy.symbols("epsilon, Delta")
In [47]: H = sympy.Matrix([[eps, delta], [delta, -eps]])
In [48]: H
e A
Out[48]: (A _gj

In [49]: H.eigenvals()
Out[49]: {—\/82 T A2 12+ A? :1}

In [50]: H.eigenvects()

A A
OUt[SO]: _\/82+A2;1; 8+\/82+A2 ) \/82+A2P1! 8—\/82+A2
1 1

The return value of the eigenvals method is a dictionary where each eigenvalue
is a key, and the corresponding value is the multiplicity of that particular eigenvalue.
Here the eigenvalues are —Ve&” +A? and v&? +A® , each with multiplicity one. The
return value of eigenvects is a bit more involved: a list is returned where each element
is a tuple containing an eigenvalue, the multiplicity of the eigenvalue, and a list of
eigenvectors. The number of eigenvectors for each eigenvalue equals the multiplicity.
For the current example, we can unpack the value returned by eigenvects and verify that
the two eigenvectors are orthogonal using, for example,

In [51]: (evali, , evecl), (eval2, , evec2) = H.eigenvects()
In [52]: sympy.simplify(evec1[0].T * evec2[0])
Out[52]: [0]

Obtaining analytical expressions for eigenvalues and eigenvectors using these
methods is often very desirable indeed, but unfortunately it only works for small
matrices. For anything larger than a 3 x 3, the analytical expression typically becomes
extremely lengthy and cumbersome to work with even using a computer algebra
system such as SymPy. Therefore, for larger systems we must resort to a fully numerical
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approach. For this we can use the la.eigvals and la.eig functions in the SciPy linear
algebra package. Matrices that are either Hermitian or real symmetric have real-valued
eigenvalues, and for such matrices, it is advantageous to instead use the functions
la.eigvalsh and la.eigh, which guarantees that the eigenvalues returned by the
function are stored in a NumPy array with real values. For example, to solve a numerical
eigenvalue problem with la.eig, we can use

[53]: A = np.array([[1, 3, 5], [3, 5, 31, [5, 3, 91])
[54]: evals, evecs = la.eig(A)

In [55]: evals

Out[55]: array([ 13.35310908+0.j, -1.75902942+0.j,  3.40592034+0.3])
[56]:
[56]

56]:

evecs
array([[ 0.42663918, 0.90353276, -0.04009445],
[ 0.43751227, -0.24498225, -0.8651975 ],
[ 0.79155671, -0.35158534, 0.49982569]])
In [57]: la.eigvalsh(A)
Out[57]: array([ -1.75902942,  3.40592034, 13.35310908])

Since the matrix in this example is symmetric, we could use la.eigh and la.
eigvalsh, giving real-valued eigenvalue arrays, as shown in the cell Out[57] in the
preceding code listing.

Nonlinear Equations

In this section we consider nonlinear equations. Systems of linear equations, as considered
in the previous sections of this chapter, are of fundamental importance in scientific
computing because they are easily solved and can be used as important building blocks

in many computational methods and techniques. However, in natural sciences and in
engineering disciplines, many, if not most, systems are intrinsically nonlinear.

A linear function f(x) by definition satisfies additivity f(x+y) = f(x)+f(y) and
homogeneity f(ax) = af(x), which can be written together as the superposition principle
flax+py) = af (x)+f(y). This gives a precise definition of linearity. A nonlinear function,
in contrast, is a function that does not satisfy these conditions. Nonlinearity is therefore
a much broader concept, and a function can be nonlinear in many different ways.
However, in general, an expression that contains a variable with a power greater that one
is nonlinear. For example, x>+x+1 is nonlinear because of the x* term.
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A nonlinear equation can always be written on the form f(x) = 0, where f(x) is a
nonlinear function and we seek the value of x (which can be a scalar or a vector) such
that f(x) is zero. This x is called the root of the function f(x), and equation solving is
therefore often referred to as root finding. In contrast to the previous section of this
chapter, in this section we need to distinguish between univariate equation solving and
multivariate equations, in addition to single equations and system of equations.

Univariate Equations

A univariate function is a function that depends only on a single variable f(x), where x

is a scalar, and the corresponding univariate equation is on the form f(x) = 0. Typical
examples of this type of equation are polynomials, such as x* — x+1 = 0, and expressions
containing elementary functions, such as x* — 3 sin (x) = 0 and exp(x) — 2 = 0. Unlike for
linear systems, there are no general methods for determining if a nonlinear equation has
a solution, or multiple solutions, or if a given solution is unique. This can be understood
intuitively from the fact that graphs of nonlinear functions correspond to curves that can
intersect x = 0 in an arbitrary number of ways.

Because of the vast number of possible situations, it is difficult to develop a
completely automatic approach to solving nonlinear equations. Analytically, only
equations on special forms can be solved exactly. For example, polynomials of up to 4th
order, and in some special cases also higher orders, can be solved analytically, and some
equations containing trigonometric and other elementary functions may be solvable
analytically. In SymPy we can solve many analytically solvable univariate and nonlinear
equations using the sympy. solve function. For example, to solve the standard quadratic
equation a+bx+cx* = 0, we define an expression for the equation and pass it to the sympy .
solve function:

In [58]: x, a, b, c = sympy.symbols("x, a, b, c")
In [59]: sympy.solve(a + b*x + c*x**2, x)
Out[59]: [(-b + sqrt(-4*a*c + b**2))/(2*c), -(b + sqrt(-4*a*c + b**2))/(2*c)]

The solution is indeed the well-known formula for the solution of this equation. The

same method can be used to solve some trigonometric equations:

In [60]: sympy.solve(a * sympy.cos(x) - b * sympy.sin(x), x)
Out[60]: [-2*atan((b - sqrt(a**2 + b**2))/a), -2*atan((b +
sqrt(a**2 + b**2))/a)]

199



CHAPTER 5  EQUATION SOLVING

However, in general nonlinear equations are typically not solvable analytically. For
example, equations that contain both polynomial expressions and elementary functions,
such as sinx = x, are often transcendental and do not have an algebraic solution. If we
attempt to solve such an equation using SymPy, we obtain an error in the form of an
exception:

In [61]: sympy.solve(sympy.sin(x)-x, X)

NotImplementedError: multiple generators [x, sin(x)]
No algorithms are implemented to solve equation -x + sin(x)

In this type of situation, we need to resort to various numerical techniques. As a first
step, it is often very useful to graph the function. This can give important clues about the
number of solutions to the equation and their approximate locations. This information
is often necessary when applying numerical techniques to find good approximations to
the roots of the equations. For example, consider the following example (In [62]), which
plots four examples of nonlinear functions, as shown in Figure 5-5. From these graphs,
we can immediately conclude that the plotted functions, from left to right, have two,
three, one, and a large number of roots (at least within the interval that is being graphed).

In [62]: x = np.linspace(-2, 2, 1000)
: # four examples of nonlinear functions
P fl = x*¥*2 - x -1

coot f2 = x**3 - 3 * np.sin(x)
..t 3 = np.exp(x) - 2
: f4 =1 - x¥2 + np.sin(50 / (1 + x**2))

: # plot each function
: fig, axes = plt.subplots(1, 4, figsize=(12, 3), sharey=True)

: for n, f in enumerate([f1, f2, f3, f4]):
axes[n].plot(x, f, lw=1.5)
axes[n].axhline(0, 1s=':"', color='k")
axes[n].set _ylim(-5, 5)

axes[n].set xticks([-2, -1, 0, 1, 2])
axes[n].set xlabel(r'$x$', fontsize=18)

200



CHAPTER 5  EQUATION SOLVING

: axes[0].set_ylabel(r'$f(x)$', fontsize=18)

: titles = [r'$f(x)=x"2-x-1%$", r'$f(x)=x"3-3\sin(x)$",
r'$F(x)=\exp(x)-2$", r'$f(x)=\sin\left(50/(1+x"2)\
right)+1-x"2$"]

: for n, title in enumerate(titles):

axes[n].set_title(title)

f(z)=a® —x—1 f(z) =2 —3sin(z) f(z) =sin(50/(1 +2?)) +1—=>

Figure 5-5. Graphs of four examples of nonlinear functions

To find the approximate location of a root to an equation, we can apply one of the
many techniques for numerical root finding, which typically applies an iterative scheme
where the function is evaluated at successive points until the algorithm has narrowed in
on the solution, to the desired accuracy. Two standard methods that illustrate the basic
idea of how many numerical root-finding methods work are the bisection method and
the Newton method.

The bisection method requires a starting interval [a, b] such that f(a) and f(b) have
different signs. This guarantees that there is at least one root within this interval. In each
iteration, the function is evaluated in the middle point m between a and b, and sign of
the function is different at a and m, and then the new interval [a, b = m] is chosen for
the next iteration. Otherwise the interval [a = m, b] is chosen for the next iteration. This
guarantees that in each iteration, the function has a different sign at the two endpoints
of the interval, and in each iteration the interval is halved and therefore converges
toward a root of the equation. The following code example demonstrates a simple
implementation of the bisection method with a graphical visualization of each step, as
shown in Figure 5-6.
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In [63]: # define a function, desired tolerance and starting interval [a, b]
: f = lambda x: np.exp(x) - 2
: tol = 0.1
ta, b=-2,2
: x = np.linspace(-2.1, 2.1, 1000)

: # graph the function f
: fig, ax = plt.subplots(1, 1, figsize=(12, 4))

. d

x

.plot(x, f(x), lw=1.5)

: ax.axhline(o, 1s=':", color="k")

: ax.set xticks([-2, -1, 0, 1, 2])

.1 ax.set xlabel(r'$x$', fontsize=18)

: ax.set_ylabel(r'$f(x)$", fontsize=18)

: # find the root using the bisection method and visualize
... # the steps in the method in the graph
: fa, fb = f(a), f(b)

.: ax.plot(a, fa, 'ko")
: ax.plot(b, fb, 'ko")
: ax.text(a, fa + 0.5, r"$a$", ha="center', fontsize=18)
: ax.text(b, fb + 0.5, r"$b$", ha='center', fontsize=18)

..t n =1
: while b - a > tol:
m=a+ (b-a)/2
fm = f(m)

ax.plot(m, fm, 'ko')
ax.text(m, fm - 0.5, r"$m %d$" % n, ha='center')

n+= 1

if np.sign(fa) == np.sign(fm):
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m, fm
b, fb = m, fm

: ax.plot(m, fm, 'r*', markersize=10)

: ax.annotate("Root approximately at %.3f" % m,
fontsize=14, family="serif",
xy=(a, fm), xycoords='data',
xytext=(-150, +50), textcoords='offset points’,
arrowprops=dict(arrowstyle="->",
connectionstyle="arc3, rad=-.5"))

: ax.set_title("Bisection method")

Bisection method

Root approximately at 0.688

Figure 5-6. Graphical visualization of how the bisection method works

Another standard method for root finding is Newton’s method, which converges
faster than the bisection method discussed in the previous paragraph. While the
bisection method only uses the sign of the function at each point, Newton’s method uses
the actual function values to obtain a more accurate approximation of the nonlinear
function. In particular, it approximates the function f(x) with its first-order Taylor
expansion f(x+dx) = f(x)+dx f'(x), which is a linear function whose root is easily found
to be x - f(x)/f’(x). Of course, this does not need to be a root of the function f(x), butin
many cases it is a good approximation for getting closer to a root of f(x). By iterating this
scheme, x;,; = x; — f(x)/f'(x:), we may approach the root of the function. A potential
problem with this method is that it fails if f'(x;) is zero at some point x;. This special
case would have to be dealt with in a real implementation of this method. The following
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example (In [64]) demonstrates how this method can be used to solve for the root of
the equation exp(x) — 2 = 0, using SymPy to evaluate the derivative of the function f(x),
and Figure 5-7 visualizes the steps in this root-finding process.

In [64]: # define a function, desired tolerance and starting point xk

: tol = 0.01
:xk =2

..t S_X = sympy.symbols("x")
: s f = sympy.exp(s x) - 2

: f = lambda x: sympy.lambdify(s_x, s_f, "numpy')(x)
: fp = lambda x: sympy.lambdify(s x, sympy.diff(s f, s x), 'numpy")(x)

: x = np.linspace(-1, 2.1, 1000)

..: # setup a graph for visualizing the root finding steps
.. fig, ax = plt.subplots(1, 1, figsize=(12, 4))

1 ax.plot(x, f(x))

: ax.axhline(o, 1ls=":

, color="k")

: # iterate Newton's method until convergence to the desired
tolerance has been reached
ee:n =20
: while f(xk) > tol:
xk new = xk - f(xk) / fp(xk)

ax.plot([xk, xk], [0, f(xk)], color="k", 1ls=":")
ax.plot(xk, f(xk), 'ko")

ax.text(xk, -.5, r'$x %d$' % n, ha='center")
ax.plot([xk, xk new], [f(xk), 0], 'k-")

xk = xk_new
n+= 1

¢ ax.plot(xk, f(xk), 'r*', markersize=15)
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: ax.annotate("Root approximately at %.3f" % xk,
fontsize=14, family="serif",
xy=(xk, f(xk)), xycoords='data',
xytext=(-150, +50), textcoords='offset points’',
arrowprops=dict(arrowstyle="->",
connectionstyle="arc3, rad=-.5"))

: ax.set_title("Newtown's method")
.1 ax.set xticks([-1, o0, 1, 2])

Newton's method

Root approximately at 0.693

S = N W B 3
T T T T T

|
—-
T

-2 L L L
-1 0 1 2

Figure 5-7. Visualization of the root-finding steps in Newton's method for the
equation exp(x) —2=0

A potential issue with Newton’s method is that it requires both the function values
and the values of the derivative of the function in each iteration. In the previous
example, we used SymPy to symbolically compute the derivatives. In an all-numerical
implementation, this is of course not possible, and a numerical approximation of the
derivative would be necessary, which would in turn require further function evaluations.
A variant of Newton’s method that bypasses the requirement to evaluate function
derivatives is the secant method, which uses two previous function evaluations to obtain

a linear approximation of the function, which can be used to compute a new estimate of
X, —X
k k-1

f(xk)_f(xk—l) .

This is only one example of the many variants and possible refinements on the basic idea

the root. The iteration formula for the secant method is x,.,, = x, — f(x;)

of Newton’s method. State-of-the-art implementations of numerical root-finding
functions typically use the basic idea of either the bisection method of Newton’s method
or a combination of both but additionally use various refinement strategies, such as
higher-order interpolations of the function to achieve faster convergence.
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The SciPy optimize module provides multiple functions for numerical root finding.
The optimize.bisect and optimize.newton functions implement variants of bisection
and Newton methods. The optimize.bisect takes three arguments: first a Python
function (e.g., alambda function) that represents the mathematical function for the
equation for which a root is to be calculated and the second and third arguments are the
lower and upper values of the interval for which to perform the bisection method. Note
that the sign of the function has to be different at the points a and b for the bisection
method to work, as discussed earlier. Using the optimize.bisect function, we can
calculate the root of the equation exp(x) — 2 = 0 that we used in the previous examples,
using

In [65]: optimize.bisect(lambda x: np.exp(x) - 2, -2, 2)
Out[65]: 0.6931471805592082

As long as f(a) and f(b) indeed have different signs, this is guaranteed to give a root
within the interval [a, b]. In contrast, the function optimize.newton for Newton’s method
takes a function as the first argument and an initial guess for the root of the function as
the second argument. Optionally, it also takes an argument for specifying the derivative
of the function, using the fprime keyword argument. If fprime is given, Newton’s
method is used; otherwise the secant method is used instead. To find the root of the
equation expx — 2 = 0, with and without specifying its derivative, we can use

In
In

[66]: x_root guess = 2

[67]: f = lambda x: np.exp(x) - 2

[68]: fprime = lambda x: np.exp(x)

In [69]: optimize.newton(f, x_root guess)

[69]: 0.69314718056
[70]: optimize.newton(f, x_root guess, fprime=fprime)
[70]: 0.69314718056

Note that with this method, we have less control over which root is being computed,
if the function has multiple roots. For instance, there is no guarantee that the root the
function returns is the closest one to the initial guess; we cannot know in advance if the
root is larger or smaller than the initial guess.

The SciPy optimize module provides additional functions for root finding. In
particular, the optimize.brentqand optimize.brenth functions, which are variants of
the bisection method, also work on an interval where the function changes sign. The
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optimize.brentq function is generally considered the preferred all-around root-finding
function in SciPy. To find a root of the same equation that we considered previously,
using optimize.brentqand optimize.brenth functions, we can use

In [71]: optimize.brentq(lambda x: np.exp(x) - 2, -2, 2)
Out[71]: 0.6931471805599453
In [72]: optimize.brenth(lambda x: np.exp(x) - 2, -2, 2)
Out[72]: 0.6931471805599381

Note that these two functions take a Python function for the equation as the first
argument and the lower and upper values of the sign-changing interval as the second
and third arguments.

Systems of Nonlinear Equations

In contrast to a linear system of equations, we cannot in general write a system of
nonlinear equations as a matrix-vector multiplication. Instead we represent a system of
multivariate nonlinear equations as a vector-valued function, for example, f: RY — RV,
that takes an N-dimensional vector and maps it to another N-dimensional vector.
Multivariate systems of equations are much more complicated to solve than univariate
equations, partly because there are so many more possible behaviors. As a consequence,
there is no method that strictly guarantees convergence to a solution, such as the
bisection method for a univariate nonlinear equation, and the methods that do exist
are much more computationally demanding than the univariate case, especially as the
number of variables increases.

Not all methods that we previously discussed for univariate equation solving can
be generalized to the multivariate case. For example, the bisection method cannot be
directly generalized to a multivariate equation system. On the other hand, Newton'’s
method can be used for multivariate problems, and in this case its iteration formula
is Xp1 = X — Je(x) 7' (xi), where J;(x;) is the Jacobian matrix of the function f(x), with
elements [J;(x) ]; = 9fi(x;)/0x;. Instead of inverting the Jacobian matrix, it is sufficient to
solve the linear equation system Jy(x;)dx; = — f(x;) and update x; using x;,, = x;+6x;. Like
the secant variants of the Newton method for univariate equation systems, there are also
variants of the multivariate method that avoid computing the Jacobian by estimating it
from previous function evaluations. Broyden’s method is a popular example of this type
of secant updating method for multivariate equation systems. In the SciPy optimize
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module, broyden1 and broyden2 provide two implementations of Broyden’s method
using different approximations of the Jacobian, and the function optimize.fsolve
provides an implementation of a Newton-like method, where optionally the Jacobian
can be specified, if available. The functions all have a similar function signature: The first
argument is a Python function that represents the equation to be solved, and it should
take a NumPy array as the first argument and return an array of the same shape. The
second argument is an initial guess for the solution, as a NumPy array. The optimize.
fsolve function also takes an optional keyword argument fprime, which can be used
to provide a function that returns the Jacobian of the function f(x). In addition, all these
functions take numerous optional keyword arguments for tuning their behavior (see the
docstrings for details).

For example, consider the following system of two multivariate and nonlinear
equations

y-x°-2x>+1=0
y+x*-1=0"

which can be represented by the vector-valued function

f([x1, %)) =[x, — ;2 — 2x,%+1, x,+x,2 — 1]. To solve this equation system using SciPy, we
need to define a Python function for f([x,, x,]) and call, for example, the optimize.fsolve
using the function and an initial guess for the solution vector:

In [73]: def f(x):

return [x[1] - x[0]**3 - 2 * x[0]**2 + 1, x[1] + x[0]**2 - 1]
In [74]: optimize.fsolve(f, [1, 1])
Out[74]: array([ 0.73205081, 0.46410162])

The optimize.broydeni and optimize.broyden2 can be used in a similar manner.
To specify a Jacobian for optimize.fsolve to use, we need to define a function that
evaluates the Jacobian for a given input vector. This requires that we first derive the
Jacobian by hand or, for example, using SymPy

In [75]: x, y = sympy.symbols("x, y")
In [76]: f mat = sympy.Matrix([y - x**3 -2%x**2 + 1, y + x**2 - 1])
In [77]: f_mat.jacobian(sympy.Matrix([x, y]))

—3x*—-4x 1
Out[77]: oy )

208



CHAPTER 5  EQUATION SOLVING

which we can then easily implement as a Python function that can be passed to the
optimize.fsolve function:

In [78]: def f jacobian(x):

return [[-3*x[0]**2-4*x[0], 1], [2*x[0], 1]]
In [79]: optimize.fsolve(f, [1, 1], fprime=f jacobian)
Out[79]: array([ 0.73205081, 0.46410162])

As with the Newton’s method for a univariate nonlinear equation system, the initial
guess for the solution is important, and different initial guesses may result in different
solutions that are found for the equations. There is no guarantee that any particular
solution is found, although the proximity of the initial guess to the true solution often is
correlated with convergence to that particular solution. When possible, it is often a good
approach to graph the equations that are being solved, to give a visual indication of the
number of solutions and their locations. For example, the following code demonstrates
how three different solutions can be found to the equation systems we are considering
here, by using different initial guesses with the optimize.fsolve function. The result is
shown in Figure 5-8.

In [80]: def f(x):
return [x[1] - x[0]**3 - 2 * x[0]**2 + 1,
x[1] + x[o]**2 - 1]

.: X = np.linspace(-3, 2, 5000)
cot Yyl = xXFR3 4 2 K xkR -1
cely2 = xR 41

: fig, ax = plt.subplots(figsize=(8, 4))

: ax.plot(x, y1, 'b', lw=1.5, label=r'$y
1 ax.plot(x, y2, 'g', lw=1.5, label=r'$y

X3 + 2x"2 - 1%")
-x"2 + 1%")

: x_guesses = [[-2, 2], [1, -1], [-2, -5]]

: for x_guess in x_guesses:
sol = optimize.fsolve(f, x_guess)
ax.plot(sol[0], sol[1], 'r*', markersize=15)
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ax.plot(x_guess[0], x guess[1], 'ko")

ax.annotate("", xy=(sol[0], sol[1]), xytext=(x_guess[O],
x_guess[1]),
arrowprops=dict(arrowstyle="->", linewidth=2.5))

: ax.legend(loc=0)
: ax.set xlabel(r'$x$', fontsize=18)

15 T T T T

—_— y:xg +247% —1
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Figure 5-8. Graph of a system of two nonlinear equations. The solutions are
indicated with red stars and the initial guess with a black dot and an arrow to the
solution each initial guess eventually converged to.

By systematically solving the equation systems with different initial guesses, we
can build a visualization of how different initial guesses converge to different solutions.
This is done in the following code example, and the result is shown in Figure 5-9.

This example demonstrates that even for this relatively simple example, the regions
of initial guesses that converge to different solutions are highly nontrivial, and there
are also missing dots which corresponds to initial guesses for which the algorithm
fails to converge to any solution. Nonlinear equation solving is a complex task,

and visualizations of different types can often be a valuable tool when building an
understanding of the characteristics of a particular problem.

In [81]: fig, ax = plt.subplots(figsize=(8, 4))

: ax.plot(x, y1, 'k', lw=1.5)
: ax.plot(x, y2, 'k', lw=1.5)
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..: soll = optimize.fsolve(f, [-2, 2])
: sol2 = optimize.fsolve(f, [ 1, -1])
: sol3 = optimize.fsolve(f, [-2, -5])

: sols = [sol1, sol2, sol3]
: for idx, s in enumerate(sols):
ax.plot(s[0], s[1], colors[idx]+'*', markersize=15)
..: colors = ['r', 'b', 'g']
: for m in np.linspace(-4, 3, 80):
for n in np.linspace(-15, 15, 40):
x_guess = [m, n]
sol = optimize.fsolve(f, x_guess)
idx = (abs(sols - sol)**2).sum(axis=1).argmin()
ax.plot(x_guess[0], x guess[1], colors[idx]+'.")

: ax.set xlabel(r'$x$', fontsize=18)
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Figure 5-9. Visualization of the convergence of different initial guesses to different
solutions. Each dot represents an initial guess, and its color encodes which solution
it eventually converges to. The solutions are marked with correspondingly color-
coded stars.

211



CHAPTER 5  EQUATION SOLVING

Summary

In this chapter we have explored methods for solving algebraic equations using the
SymPy and SciPy libraries. Equation solving is one of the most elementary mathematical
tools for computational sciences, and it is both an important component in many
algorithms and methods and has direct applications in many problem-solving
situations. In some cases, analytical algebraic solutions exist, especially for equations
that are polynomials or contain certain combinations of elementary functions, and
such equations can often be handled symbolically with SymPy. For equations with no
algebraic solution, and for larger systems of equations, numerical methods are usually
the only feasible approach. Linear equation systems can always be systematically
solved, and for this reason there is an abundance of important applications for linear
equation systems, be it for originally linear systems or as approximations to originally
nonlinear systems. Nonlinear equation solving requires a different set of methods, and
itis in general much more complex and computationally demanding compared to
linear equation systems. In fact, solving linear equation systems is an important step
in the iterative methods employed in many of the methods that exist to solve nonlinear
equation systems. For numerical equation solving, we can use the linear algebra and
optimization modules in SciPy, which provide efficient and well-tested methods for
numerical root finding and equation solving of both linear and nonlinear systems.

Further Reading

Equation solving is a basic numerical technique whose methods are covered in most
introductory numerical analysis texts. A good example of a book that covers these
topics is Heath (2001), and W.H. Press (2007) gives a practical introduction with
implementation details.
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CHAPTER 6

Optimization

In this chapter, we will build on Chapter 5 about equation solving and explore the related
topic of solving optimization problems. In general, optimization is the process of finding
and selecting the optimal element from a set of feasible candidates. In mathematical
optimization, this problem is usually formulated as determining the extreme value

of a function on a given domain. An extreme value, or an optimal value, can refer to
either the minimum or maximum of the function, depending on the application and

the specific problem. In this chapter we are concerned with the optimization of real-
valued functions of one or several variables, which optionally can be subject to a set of
constraints that restricts the domain of the function.

The applications of mathematical optimization are many and varied, and so are the
methods and algorithms that must be employed to solve optimization problems. Since
optimization is a universally important mathematical too], it has been developed and
adapted for use in many fields of science and engineering, and the terminology used to
describe optimization problems varies between fields. For example, the mathematical
function that is optimized may be called a cost function, loss function, energy function,
or objective function, to mention a few. Here we use the generic term objective function.

Optimization is closely related to equation solving because at an optimal value of
a function, its derivative, or gradient in the multivariate case, is zero. The converse,
however, is not necessarily true, but a method to solve optimization problems is to
solve for the zeros of the derivative or the gradient and test the resulting candidates
for optimality. This approach is not always feasible though, and often it is required to
take other numerical approaches, many of which are closely related to the numerical
methods for root finding that was covered in Chapter 5.

In this chapter we discuss using SciPy’s optimization module optimize for nonlinear
optimization problems, and we will briefly explore using the convex optimization library
cvxopt for linear optimization problems with linear constraints. This library also has
powerful solvers for quadratic programming problems.
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CHAPTER6  OPTIMIZATION

cvxopt The convex optimization library cvxopt provides solvers for linear and
quadratic optimization problems. At the time of writing, the latest version is 1.1.9.
For more information, see the project’s web site http://cvxopt.org. Here we
use this library for constrained linear optimization.

Importing Modules

Like in the previous chapter, here we use the optimize module from the SciPy library.
Here we assume that this module is imported in the following manner:

In [1]: from scipy import optimize

In the later part of this chapter, we also look at linear programming using the cvxopt
library, which we assume to be imported in its entirety without any alias:

In [2]: import cvxopt

For basic numerics, symbolics, and plotting, here we also use the NumPy, SymPy,
and Matplotlib libraries, which are imported and initialized using the conventions
introduced in earlier chapters:

In [3]: import matplotlib.pyplot as plt
In [4]: import numpy as np

In [5]: import sympy

In [6]: sympy.init printing()

Classification of Optimization Problems

Here we restrict our attention to mathematical optimization of real-valued functions,
with one or more dependent variables. Many mathematical optimization problems can
be formulated in this way, but a notable exception is optimization of functions over
discrete variables, for example, integers, which is beyond the scope of this book.

A general optimization problem of the type considered here can be formulated as a
minimization problem, min_ f(x), subject to sets of m equality constraints g(x) = 0 and

p inequality constraints h(x) < 0. Here f{x) is a real-valued function of x, which can be a
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scalar or a vector x = (X, xy, ..., X,,) 7, while g(x) and h(x) can be vector-valued functions:
[iR"— R, g:R"— R™and h: R" — R”. Note that maximizing f(x) is equivalent to
minimizing -f(x), so without loss of generality, it is sufficient to consider only
minimization problems.

Depending on the properties of the objective function f(x) and the equality and
inequality constraints g(x) and h(x), this formulation includes a rich variety of problems.
A general mathematical optimization on this form is difficult to solve, and there are
no efficient methods for solving completely generic optimization problems. However,
there are efficient methods for many important special cases, and in optimization it is
therefore important to know as much as possible about the objective functions and the
constraints in order to be able to solve a problem.

Optimization problems are classified depending on the properties of the functions
f(x), g(x), and h(x). First and foremost, the problem is univariate or one dimensional if x
is a scalar, x € R, and multivariate or multidimensional if x is a vector, x € R". For high-
dimensional objective functions, with larger n, the optimization problem is harder and
more computationally demanding to solve. If the objective function and the constraints
all are linear, the problem is a linear optimization problem, or linear programming
problem.! If either the objective function or the constraints are nonlinear, it is a
nonlinear optimization problem, or a nonlinear programming problem. With respect
to constraints, important subclasses of optimization are unconstrained problems, and
those with linear and nonlinear constraints. Finally, handling equality and inequality
constraints requires different approaches.

As usual, nonlinear problems are much harder to solve than linear problems,
because they have a wider variety of possible behaviors. A general nonlinear problem
can have both local and global minima, which turns out to make it very difficult to find
the global minima: iterative solvers may often converge to local minima rather than
the global minima or may even fail to converge altogether if there are both local and
global minima. However, an important subclass of nonlinear problems that can be
solved efficiently is convex problems, which is directly related to the absence of strictly
local minima and the existence of a unique global minimum. By definition, a function
is convex on an interval [a, b] if the values of the function on this interval lie below the
line through the endpoints (a, f(a)) and (b, f(b)). This condition, which can be readily
generalized to the multivariate case, implies a number of important properties, such as

'For historical reasons optimization problems are often referred to as programming problems,
which are not related to computer programming.
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the existence of a unique minimum on the interval. Because of strong properties like
this one, convex problems can be solved efficiently even though they are nonlinear.
The concepts of local and global minima, and convex and nonconvex functions, are
illustrated in Figure 6-1.

convex function non-convex function

Figure 6-1. Illustration of a convex function (left) and a nonconvex function
(right) with a global minimum and two local minima

Whether the objective function f(x) and the constraints g(x) and h(x) are continuous
and smooth are properties that have very important implications for the methods and
techniques that can be used to solve an optimization problem. Discontinuities in these
functions, or their derivatives or gradients, cause difficulties for many of the available
methods of solving optimization problems, and in the following, we assume that these
functions are indeed continuous and smooth. On a related note, if the function itself is
not known exactly, but contains noise due to measurements or for other reasons, many
of the methods discussed in the following may not be suitable.

Optimization of continuous and smooth functions are closely related to nonlinear
equation solving, because extremal values of a function f(x) correspond to points
where its derivative, or gradient, is zero. Finding candidates for the optimal value
of f(x) is therefore equivalent to solving the (in general nonlinear) equation system
Vf(x) = 0. However, a solution to Vf(x) = 0, which is known as a stationary point, does
not necessarily correspond to a minimum of f(x); it can also be maximum or a saddle
point; see Figure 6-2. Candidates obtained by solving Vf(x) = 0 should therefore be tested
for optimality. For unconstrained objective functions, the higher-order derivatives, or

Hessian matrix

{Hf (x)}, _M

L )
i Ox,0x;
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for the multivariate case, can be used to determine if a stationary point is a local
minimum or not. In particular if the second-order derivative is positive, or the Hessian
positive definite, when evaluated at stationary point x*, then x* is a local minimum.
Negative second-order derivative, or negative definite Hessian, corresponds to a local
maximum, and a zero second-order derivative, or an indefinite Hessian, corresponds to
saddle point.

minimum maximum saddle point

Figure 6-2. Illustration of different stationary points of a one-dimensional
function

Algebraically solving the equation system Vf(x) = 0 and testing the candidate
solutions for optimality is therefore one possible strategy for solving an optimization
problem. However, it is not always a feasible method. In particular, we may not have
an analytical expression for f(x) from which we can compute the derivatives, and the
resulting nonlinear equation system may not be easy to solve, especially not to find all of
its roots. For such cases, there are alternative numerical optimization approaches, some
of which have analogs among the root-finding methods discussed in Chapter 5. In the
remaining part of this chapter, we explore the various classes of optimization problems
and how such problems can be solved in practice using available optimization libraries
for Python.

Univariate Optimization

Optimization of a function that only depends on a single variable is relatively easy. In
addition to the analytical approach of seeking the roots of the derivative of the function,
we can employ techniques that are similar to the root-finding methods for univariate
functions, namely, bracketing methods and Newton’s method. Like the bisection
method for univariate root finding, it is possible to use bracketing and iteratively refine
an interval using function evaluations alone. Refining an interval [a, b] that contains

a minimum can be achieved by evaluating the function at two interior points x; and
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X, X, < X,, and selecting [x,, b] as new interval if f(x;) > f(x,), and [a, x,] otherwise. This
idea is used in the golden section search method, which additionally uses the trick of
choosing x; and x, such that their relative positions in the [a, b] interval satisfy the golden
ratio. This has the advantage of allowing to reuse one function evaluation from the
previous iteration and thus only requiring one new function evaluation in each iteration
but still reducing the interval with a constant factor in each iteration. For functions with
a unique minimum on the given interval, this approach is guaranteed to converge to an
optimal point, but this is unfortunately not guaranteed for more complicated functions.
It is therefore important to carefully select the initial interval, ideally relatively close to
an optimal point. In the SciPy optimize module, the function golden implements the
golden search method.

As the bisection method for root finding, the golden search method is a
(relatively) safe but a slowly converging method. Methods with better convergence
can be constructed if the values of the function evaluations are used, rather than
only comparing the values to each other (which is similar to using only the sign of
the functions, as in the bisection method). The function values can be used to fit a
polynomial, for example, a quadratic polynomial, which can be interpolated to find a
new approximation for the minimum, giving a candidate for a new function evaluation,
after which the process can be iterated. This approach can converge faster but is riskier
than bracketing and may not converge at all or may converge to local minima outside the
given bracket interval.

Newton’s method for root finding is an example of a quadratic approximation
method that can be applied to find a function minimum, by applying the method
to the derivative rather than the function itself. This yields the iteration formula
X = X — f(x)/f (%), which can converge quickly if started close to an optimal point
but may not converge at all if started too far from the optimal value. This formula also
requires evaluating both the derivative and the second-order derivative in each iteration.
If analytical expressions for these derivatives are available, this can be a good method.
If only function evaluations are available, the derivatives may be approximated using an
analog of the secant method for root finding.

A combination of the two previous methods is typically used in practical
implementations of univariate optimization routines, giving both stability and fast
convergence. In SciPy’s optimize module, the brent function is such a hybrid method,
and it is generally the preferred method for optimization of univariate functions with
SciPy. This method is a variant of the golden section search method that uses inverse
parabolic interpolation to obtain faster convergence.
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Instead of calling the optimize.golden and optimize.brent functions directly,
it is convenient to use the unified interface function optimize.minimize scalar,
which dispatches to the optimize.golden and optimize.brent functions depending
on the value of the method keyword argument, where the currently allowed options
are 'Golden’, 'Brent’, or 'Bounded’. The last option dispatches to optimize.
fminbound, which performs optimization on a bounded interval, which corresponds
to an optimization problem with inequality constraints that limit the domain of
objective function f(x). Note that the optimize.golden and optimize.brent functions
may converge to a local minimum outside the initial bracket interval, but optimize.
fminbound would in such circumstances return the value at the end of the allowed range.

As an example for illustrating these techniques, consider the following classic
optimization problem: Minimize the area of a cylinder with unit volume. Here, suitable
variables are the radius r and height & of the cylinder, and the objective function is
f([r, h]) = 2zr*+2zrh, subject to the equality constraint g([r, h]) = zr*h — 1 = 0. As this
problem is formulated here, it is a two-dimensional optimization problem with an
equality constraint. However, we can algebraically solve the constraint equation for
one of the dependent variables, for example, i = 1/z7% and substitute this into the
objective function to obtain an unconstrained one-dimensional optimization problem:
f(r) =2zr*+2/r. To begin with, we can solve this problem symbolically using SymPy,
using the method of equating the derivative of f(r) to zero:

In [7]: 1, h = sympy.symbols("r, h")
In [8]: Area = 2 * sympy.pi * r**2 + 2 * sympy.pi * r * h
In [9]: Volume = sympy.pi * r**2 * h
In [10]: h_r = sympy.solve(Volume - 1)[0]
In [11]: Area r = Area.subs(h r)
In [12]: rsol = sympy.solve(Area r.diff(r))[0]
In [13]: rsol
22/3
Out[13]

"o
In [14]: _.evalf()
Out[14]: 0.541926070139289
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Now verify that the second derivative is positive and that rsol corresponds to a

minimum:

In [15]: Area r.diff(r, 2).subs(r, rsol)
Out[15]: 12m

In [16]: Area r.subs(r, rsol)

Out[16]: 3327

In [17]: _.evalf()
Out[17]: 5.53581044593209

For simple problems this approach is often feasible, but for more realistic problems,
we typically need to resort to numerical techniques. To solve this problem using SciPy’s
numerical optimization functions, we first define a Python function f that implements
the objective function. To solve the optimization problem, we then pass this function to,
for example, optimize.brent. Optionally we can use the brack keyword argument to
specify a starting interval for the algorithm:

In [18]: def f(r):
cet return 2 * np.pi * r**2 + 2 / 1

In [19]: r min = optimize.bre